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Konstantin V. Grigorishin∗
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We formulate the gauge invariant Lorentz covariant Ginzburg-Landau theory which describes
nonstationary regimes: relaxation of a superconducting system accompanied by eigen oscillations of
internal degrees of freedom (Higgs mode and Goldstone mode), and also forced oscillations under
the action of an external gauge field. The theory describes Lorentz covariant electrodynamics
of superconductors where Anderson-Higgs mechanism and Higgs effect occur, in the same time
the dynamics of conduction electrons remains nonrelativistic. In addition we consider Goldstone
modes and features of Anderson-Higgs mechanism in two-band superconductors. Due to the Lorentz
covariance magnetostatics and electrostatics acquire symmetrical form, but with essential features.
It is demonstrated that due to spontaneously broken U(1) symmetry the specific ponderomotive
forces appear which compensate the electrostatic and Ampere forces acting on a charge, so that
the London-like laws take place for both electrostatic and magnetic fields. Thus the electrostatic
field, like magnetic field, can penetrate a superconductor on the macroscopic depth without causing
acceleration of the supercurrent. In addition we study dissipative processes, which are caused by
movement of the normal component of electron liquid and violate the Lorentz covariance of the
initial field equations, on the examples of the damping of oscillations of the order parameter and the
skin-effect for electromagnetic field. An experimental consequence of the extended time-dependent
Ginzburg-Landau theory regarding the penetration of the electromagnetic field in a superconductor
is proposed.
PACS numbers: 74.20.De, 74.25.-q, 74.25.N-, 74.25.Nf
Keywords: Ginzburg-Landau theory, Lorentz covariance, gauge invariance, Higgs effect, London penetration
depth, skin effect
I. INTRODUCTION
The system undergoing the second-order phase transition (on the example of superconductivity) is described with
a Landau functional
F =
∫
d3rf =
∫
d3r
[
~2
4m
(∇Ψ) (∇Ψ+)+ a |Ψ|2 + b
2
|Ψ|4
]
, (1)
where f is the density of free energy, a = α(T − Tc), Ψ is a two-component order parameter Ψ(r) = |Ψ(r)| eiθ(r) (the
wave function of condensate of Cooper pairs) so that ns = 2 |Ψ|2 is the density of superconducting (SC) electrons,
~2
4m |∇Ψ|2 can be understood as density of kinetic energy of Cooper pairs of mass 2m each. The configuration of the
field Ψ(r) which minimizes the functional (1) is obtained from equation:
∇ ∂f
∂(∇Ψ+) −
∂f
∂Ψ+
= 0 =⇒ ~
2
4m
∆Ψ− aΨ− b |Ψ|2 Ψ = 0. (2)
This configuration is shown in Fig.1a: they say that the field is a string laying in a valley of the potential a |Ψ|2+ b2 |Ψ|4.
At the same time, out equilibrium the field Ψ depends on time. For small deviations from the equilibrium it
is natural to assume [1, 2] (in mean field approximation) that the time derivative ∂Ψ/∂t is proportional to the
variational derivative of the free energy δF/δΨ+, which is equal to zero at the equilibrium. Thus one can write the
model time-dependent Ginzburg-Landau equation [1–8] (we will call it as simple TDGL theory) in a form:
∂Ψ
∂t
=
1
τ0
[
(1− η|Ψ|2) + ξ2(T )∆]Ψ. (3)
The parameter η, the temperature-dependent coherence length ξ(T ), and the relaxation time τ0 have been deter-
mined from the microscopic theory for the case of a gapless superconducting alloy containing a high concentration of
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2Figure 1: Variation of Landau free energy Fs − Fn (for example, SC state s versus normal state n) with the order parameter
Ψ. (a) - equilibrium state of the field, (b) - monotonous relaxation to the equilibrium, (c) - relaxation to the equilibrium with
damped oscillation, (d) - forced oscillations under the action of an external field.
paramagnetic impurities [6, 7] and for dirty superconductors in the Ginzburg-Landau regime |Tc − T | << Tc [2, 8].
However, for the general case, we can treat these parameters phenomenologically. For T > Tc the relaxation time for
a homogeneous mode Ψ(r) = const is τ0 = pi~/8(T − Tc), the term η|Ψ|2Ψ can be omitted and a term 1 must be
changed to −1 [3]. The corresponding relaxation process are shown in Fig.1b.
Thus Eq.(3) describes relaxation of the order parameter at small deviations from the equilibrium. In the same
time in the system undergoing the second-order phase transition the collective excitations exist which are resonance
oscillations. As minimum two types of the excitations must be: massive Higgs mode, which is oscillation of modulus
of an order parameter |Ψ|, and Goldstone mode, which is oscillation of phase of the order parameter θ, for example:
a phonon is the Goldstone boson for the spontaneously broken Galilean symmetry, a magnon is the Goldstone boson
for the spontaneously broken original rotational symmetry etc. As it has been demonstrated in [9–11] in collisionless
approximation the Higgs mode in SC system can exist as perturbation of amplitude of the gap ∆ which takes the form
of oscillations having a frequency ∼ 2|∆|. In the same time the oscillations of order parameter damp in some time τ .
Thus if to take a system out from the equilibrium then the relaxation processes depend on relation between period of
the eigen oscillations ∼ 1/ω and the damping: if 1/ω  τ then aperiodic relaxation takes place as shown in Fig.1b
and it is described with the simple TDGL (3). In a general case the parameters 1/ω and τ can be in an arbitrary
relation, hence the relaxation process can have more complicated form, for example when 1/ω  τ that an oscillatory
process with small damping occurs as shown in Fig.1c. Moreover an external field can swing the system, that is the
undamped oscillations occur while heat is released (for example, electromagnetic wave, falling on a superconductor,
induces Foucault currents both normal jn and superconducting js). Such situation is shown in Fig.1d.
In presence of electric ϕ and magnetic A potentials the replacements
∂
∂t
−→ ∂
∂t
+
i2e
~
ϕ, ∇ −→ ∇− i2e
c~
A (4)
must be done in free energy functional (1) and in Eqs.(2,3) for a gauge invariance. Thus the TDGL equations
determine dynamics of both order parameter ψ(r, t) and electromagnetic field ϕ(r, t),A(r, t). On the other hand,
3equations for electromagnetic field should be Lorentz covariant both in vacuum and within any medium, despite
dynamics of particles (medium) is nonrelativistic, for example, Maxwell equations in dielectrics. However the light
velocity in the medium is less than the vacuum speed of light c and is determined with dynamic properties of the
system. In the same time dissipative mechanisms (for example Ohm’s law and Joule-Lenz law) give terms which
violate Lorentz covariance since the dissipation distinguishes a time direction, i.e violates the time symmetry t↔ −t
which is symmetry of the Lorentz boost. For example, a Maxwell equation in medium with conductivity σ has a form:
curlH =
1
c
∂D
∂t
+
4pi
c
σE, (5)
Here the first two term are an equation from Lorentz covariant Maxwell equations, the last term 4pic σE is a dissipative
part. Depending on material and processes occurring in it, some terms in the equations can be neglected. So, in
metals dissipative terms dominate, for example the strength of electrostatic field must be E = 0 inside metal: nonzero
strength would lead to a current, meanwhile, the propagation of the current is associated with energy dissipation
according to Joule-Lenz law j2/σ = σE2 and, therefore, by itself it cannot be supported in an equilibrium state
[12]. For not very large frequencies of electromagnetic waves (less than plasma frequency) a condition σω  ε(ω) is
satisfied, then the conduction current −σ ∂A∂t gives main contribution in electromagnetic response, in the same time
the displacement current ε4pi
∂E
∂t can be neglected, that gives the skin-effect [12, 13]. On the contrary, in dielectrics the
dissipative processes can be neglected in the first approximation (since conductivity is zero), hence Lorentz covariant
electrodynamics remains only. In bad conductors (semiconductors, plasma) both conduction and displacement currents
can be important. Analogously to dielectrics and metals electrodynamics of superconductors must be composed of
both Lorentz covariant part and dissipative part (due to friction of normal electrons, damping of collective excitations
and breaking of Cooper pairs). Which term is dominant is determined with physical conditions and processes.
Unlike the normal metal phase in the SC phase the conductivity essentially depends on temperature due to it is
determined with dencity of normal electrons nn: σ(T ) =
τ
me
2nn(T ) ⇒ σ(T → 0) → 0, that is at low temperatures
contribution of the dissipative part decreases. It should be noted that superconductivity is a thermodynamic effect
and is not electrodynamic one (superconductor is not ideal conductor). Hence equations for electromagnetic field in
superconductor are result of variation of some functional of action (or free energy functional for equilibrium case):
δS
δAµ
= 0. Since electrodynamics of superfluid component is Lorentz covariant then the action S [Ψ(r, t), Aµ(r, t)]
must be Lorentz invariant. Obviously the action S does not contain dissipative terms, these terms are introduced in
equations of motions by means of Rayleigh dissipation function. In the same time the Lorentz invariance of the action
should have consequences for dynamics of the scalar field Ψ: the collective pseudorelativistic excitations (Higgs mode
and Goldstone mode) occur. In [2, 8] the general equations for the dynamic behavior of dirty superconductors in the
Ginzburg-Landau regime |Tc − T | << Tc are derived from microscopic theory. The local equilibrium approximation
leads to a simple generalized time-dependent Ginzburg-Landau equation describing relaxation of the order parameter.
As indicated above, in this nonequilibrium regime the dissipative processes dominant, hence the Lorentz covariation
can be neglected and a relaxation equation of type TDGL (3) is valid in mean field approximation.
The dynamic extension of GL theory has been proposed in [14] as a time-dependent nonlinear Schrodinger La-
grangian:
L = iψ+
∂ψ
∂t
− 1
4m
∇ψ+∇ψ − V (|ψ|) , (6)
which describes the low-frequency, long-wavelength dynamics of the pair field ψ(r, t) for a BCS-type s-wave super-
conductor at T = 0, V is potential leading to spontaneously broken U(1) symmetry and is assumed to be a function
of |ψ| only. We can see that Lagrangian (6) is Galilean invariant. In this Lagrangian the electromagnetic field
Aµ = (ϕ,A) must be included by replacement (4) based on gauge invariance, and Lagrange function of electromag-
netic field
(
E2 −H2) /8pi should be added. Varying the corresponding action: δS(ψ,Aµ)δAµ = 0 we will find equations for
the electromagnetic field Aµ(r, t) in SC medium. Obviously these equations will not be Lorentz covariant, since initial
Lagrangian (6) is not Lorentz invariant. Hence these equations do not have physical sense, since, as mentioned above,
equations for electromagnetic field in nondissipative medium must be Lorentz covariant like the Maxwell equations
in vacuum.
It is believed that superconductors cannot contain macroscopic electric fields in static configurations. This fact is
directly based on the first of the London equations:
∂
∂t
(
4piλ2
c2
J
)
= E, curl
(
4piλ2
c
J
)
= −H, (7)
where λ is the London penetration depth - a parameter characterizing SC material, J is the supercurrent density,
and E, H are the electric and magnetic fields respectively. Indeed, unlike normal metals, in superconductors due
4to zero resistance to support the direct current J the presence of the electric field E is not necessary. This means
that in the stationary regime, that is when dJdt = 0, we have E = 0 inside a superconductor. However it should
be noted that the second from London equations (7) is a result of minimization of free energy of a superconductor:
1
8pi
∫ [
H2 + λ2(curlH)2
]
dV , where the first term is energy of the magnetic field, the second term is kinetic energy
of the supercurrent. In the same time the first from London equations is not result of minimization of the free
energy of superconductor: it is suggested that motion of SC electrons is not accompanied by friction hence they
are accelerated by electrical field E. This means that the first London equation is equation of an ideal conductor.
Superconductivity is a thermodynamical effect, that is a superconductor is not an ideal conductor. Configuration
of both the electric field E and the magnetic field H must be found as minimization of some free energy functional
F (Ψ,Ψ+, ϕ,A). Physically this should lead to the fact that both the electric strength (electrostatic) and forces of
nonelectric (thermodynamic) nature f (are connected with spontaneous gauge symmetry breaking) act on a charge:
−e∇ϕ+ f(ϕ,Ψ), so that equilibrium of a charge can be carried out at nonzero electric field E 6= 0 also.
In addition from Eqs.(7) we can see that the coupling of the supercurrent density to the electromagnetic fields through
the London and GL equations is not space-time covariant : under Lorentz boost, the supercurrent density J in the
presence of the electric field E ought to transform as the space components of a 4-vector whose time component would
then play role of some supercharge density, while the electric E and magnetic H fields transform as components of
the two index antisymmetric field strength tensor Fµν . Thus Lorentz covariance requires the possibility of electric
fields on the same footing as magnetic ones within superconductors, with an electric penetration depth equal to the
familiar magnetic one. In works [15, 16] it has been proposed the natural covariant extension of the GL free energy
(1) in terms of the Higgs Lagrangian for spontaneous U(1) gauge symmetry breaking in the vacuum (all quantities
are expressed in SI units):
L =
1
2
ε0c
(
~
2eλ
)2{∣∣∣∣(∂µ − i2e~ Aµ
)
ψ
∣∣∣∣2 − 12ξ2 (|ψ|2 − 1)
}
− 1
4
ε0cFµνF
µν , (8)
where the order parameter ψ is already normalised to the density of electron pairs in a bulk sample ψ(x) = Ψ(x)/Ψ0
(Ψ0 =
√−a/b) in the absence of any electromagnetic field Aµ = (ϕ/c,−A), the tensor Fµν = ∂µAν − ∂νAµ is the
electromagnetic field strength, with ∂µ = ∂/∂x
µ being the space-time gradients for the coordinates xµ = (ct, r), λ is
the magnetic penetration depth. The dynamics is determined from the Lorentz invariant action S =
∫
Ld4x through
the variational principle provides the equations of motion for the scalar field ψ and the vector field Aµ respectively.
Main result of this model is the effect of electrostatic field on a superconductor: the field E as and the field B can
destroy the SC state. Namely, the critical values of the fields satisfy the relation:(
B
Bcm
)2
+
(
E/c
Bcm
)
' 1, (9)
where Bcm is a thermodynamical magnetic field (at B > Bcm a type-I superconductor goes to the normal state
with the first-order phase transitions). Thus we can see that at electric field E ' cBcm superconductivity should be
destroyed at absence of magnetic field. The analysis of experimental data presented in [17] suggests that an external
electric field does not affect significantly the superconducting state. This conclusion is in total contradiction with the
expected behavior based on the covariant Lagrangian (8). It has been suggested that such negative experimental
result can be explained with that some non-paired normal electrons could play a crucial role against the electric field,
whereas such contributions are not included in either model.
In the work [18] relativistically covariant London equations have been proposed, and they can be understood as
arising from the ”rigidity” of the superfluid wave function in a relativistically covariant microscopic theory. They
predict that an internal ”spontaneous” electric field exists in superconductors, and that externally applied electric
fields, both longitudinal and transverse, are screened over a London penetration depth, as magnetic fields are:
∇2E = 1
λ2
E. (10)
Thus the screening length of the electric field in the SC state is equal to the London penetration depth, not the
Thomas-Fermi screening length λTF . The associated longitudinal dielectric function is obtained as
ε(q, ω → 0) = 1 + 1
λ2q2
(11)
unlike the dielectric function for normal metal ε(q, ω → 0) = 1 + 1
λ2TFq
2 . This model remains debatable [19, 20] and
requires experimental verification [21, 22]. Also should note a work [23] where the model has been proposed which
5demonstrates that superconductors are not exactly neutral with the electrostatic potential constant across the sample,
but there is an inhomogeneous electrostatic potential created by diamagnetic currents.
Proceeding from aforesaid we are aimed to generalize the GL theory for the nonstationary cases Fig.1(b-d): the
theory should describe the relaxation of the system (from arbitrary deviations) at accounting of eigen oscillations
of internal degrees of freedom, and also forced oscillations under the action of an external field. Thus this theory
includes the GL and the simple TDGL theories as special cases, and we will call it as extended TDGL theory.
Moreover this theory must be Lorentz covariant without accounting of dissipative processes, since it includes Lorentz
covariant electrodynamics, in the same time the dynamics of conduction electrons remains nonrelativistic. Accounting
of dissipative mechanisms should violate the Lorentz covariance of the theory and leads to relaxation processes in SC
systems. Thus our paper is organized by the following way. In Section II we generalize GL free energy functional to
time-dependent relativistic-like action. Using the action we obtain and study the possible eigen oscillations of the order
parameter Ψ(t, r): Higgs mode and Goldstone mode. In Section III using gauge symmetry we build electrodynamics
of superconductors in the sense of Lorentz covariant equations for 4D electromagnetic potential Aµ ≡ (ϕ,A). The
equations describe propagate of electromagnetic field in SC medium where Anderson-Higgs mechanism and Higgs
effect occur. Consequently magnetostatics and electrostatics acquire symmetrical form, but with essential features.
In Section IV we consider features of Anderson-Higgs mechanism (absorbtion of the Goldstone bosons into the gauge
field Aµ) in two-band superconductors and occurrence of the Leggett’s mode. In Section V we study influence of
the motion of normal component of electron liquid which gives the damping of oscillations both order parameter
and electromagnetic field. As example we consider the skin-effect, penetration of the electric field generated by
an alternating current source into a superconductor (i.e as E = jn/σ) and relaxation of fluctuation of the order
parameter. We propose an experimental consequence of the extended TDGL theory regarding the penetration of the
electromagnetic field in a superconductor. Besides we demonstrate that the London electrodynamics and the simple
TDGL theory are limit cases of the extended TDGL theory.
II. NORMAL MODES AND PSEUDORELATIVISTIC COLLECTIVE EXCITATIONS
In general case, the SC order parameter Ψ is both spatially inhomogeneous and it can change over time: Ψ = Ψ(r, t).
The order parameter is a complex scalar field which is equivalent to two real fields: the modulus |Ψ(r, t)| and the
phase θ(r, t) (the module-phase representation):
Ψ(r, t) = |Ψ(r, t)| eiθ(r,t). (12)
For stationary case Ψ = Ψ(r) the free energy functional (1) exists and the observed configuration of the field Ψ(r)
minimizes this functional. However for the nonstationary case Ψ = Ψ(r, t) the free energy loses any sense and the
minimizing procedure becomes senseless. Our method for solving this problem is as follows. The parameter t - the
time can be turned to a coordinate t→ υt in some 4D Minkowskii space {υt, r}, where υ is an parameter of dimension
of speed (like the light speed) which must be determined by dynamical properties of the system. In the same time
the dynamics of conduction electrons remains nonrelativistic. Then the two-component scalar field Ψ(r, t) minimizes
some action S (like in the relativistic field theory [24]) in the 4D space:
S =
1
υ
∫
L(Ψ,Ψ+)υdtd3r, (13)
where L is some 4D Lagrangian. This Lagrangian can be built by generalizing the density of free energy f in (1) to
”relativistic” invariant form by substitution of covariance and contravariance differential operators
∂˜µ ≡
(
1
υ
∂
∂t
,∇
)
, ∂˜µ ≡
(
1
υ
∂
∂t
,−∇
)
(14)
instead the gradient operators ∇Ψ −→ ∂˜µΨ, ∇Ψ+ −→ ∂˜µΨ+:
L =
~2
4m
(
∂˜µΨ
)(
∂˜µΨ+
)
− a |Ψ|2 − b
2
|Ψ|4
=
~2
4m
1
υ2
(
∂Ψ
∂t
)(
∂Ψ+
∂t
)
− ~
2
4m
(∇Ψ) (∇Ψ+)− a |Ψ|2 − b
2
|Ψ|4 . (15)
Here, as we can see from Eq.(1), the spatial terms of the Lagrangian play role of potential energy, and the time terms
play role of kinetic energy. Lagrange equation for functional (13) is
∂˜µ
∂L
∂(∂˜µΨ+)
− ∂L
∂Ψ+
= 0 =⇒ ~
2
4m
Ψ + aΨ + b |Ψ|2 Ψ = 0, (16)
6where
 ≡ 1
υ2
∂2
∂t2
−∆ = ∂˜µ∂˜µ = ∂˜µ∂˜µ (17)
is d’Alembert operator. Since the field Ψ is complex with U(1) symmetry then the conserving charge takes place.
Using Eq.(16), its complex conjugate equation and multiplying by ie~2m we can obtain the charge conservation law in
a form:
∂˜µjµ =
∂ρ
∂t
+ divjs = 0, (18)
where jµ is a 4D supercurrent:
jµ = (υρs,−js) =
ie~
2m
(
Ψ+∂˜µΨ−Ψ∂˜µΨ+
)
=
(
υ
ie~
2mυ2
(
Ψ+
∂Ψ
∂t
−Ψ∂Ψ
+
∂t
)
,
ie~
2m
(
Ψ+∇Ψ−Ψ∇Ψ+))
=
(
−υ e~
mυ2
|Ψ|2 ∂θ
∂t
,−e~
m
|Ψ|2∇θ
)
. (19)
It should be noted that correct determination of the current jµ can be done only with using of the gauge invariance,
that will be done in Section III.
Substituting the representation (12) in the Lagrangian (15) we obtain:
L =
~2
4m
∂˜µ|Ψ|∂˜µ|Ψ|+ ~
2
4m
|Ψ|2∂˜µθ∂˜µθ − a |Ψ|2 − b
2
|Ψ|4 . (20)
Let us consider small deviations of modulus of order parameter from equilibrium value: |Ψ| = √−ab + φ ≡ Ψ0 + φ,
where |φ|  Ψ0. Then at T < Tc the Lagrangian takes a form:
L =
~2
4m
∂˜µφ∂˜
µφ− 2|a|φ2 + ~
2
4m
Ψ20∂˜µθ∂˜
µθ +
1
2
a2
b
. (21)
Corresponding Lagrange equations are
~2
4m
∂˜µ∂˜
µφ+ 2|a|φ ≡ ~
2
4m
(
1
υ2
∂2φ
∂t2
−∆φ
)
+ 2|a|φ = 0, (22)
∂˜µ∂˜
µθ ≡ 1
υ2
∂2θ
∂t2
−∆θ = 0, (23)
where we have used a rule ∂
(
∂˜µφ∂˜
µφ
)
= 2∂
(
∂˜µφ
)
∂˜µφ = 2∂˜µφ∂
(
∂˜µφ
)
. We can see that the modulus and phase
variables are separated. Thus the field coordinates |Ψ(r, t)| and θ(r, t) are normal coordinates, and their small
oscillations are normal oscillations. The functions φ(r, t) and θ(r, t) are real however temporarily for simplification
we can suppose φ = φ0e
i(qr−ωt) and θ = θ0ei(qr−ωt), then we accordingly obtain:
(~ω)2 = 8|a|mυ2 + (~q)2υ2 − Higgs mode, (24)
(~ω)2 = (~q)2υ2 − Goldstone mode. (25)
Thus we have two type of collective excitations: with an energy gap
√
8|a|mυ2 - Higgs mode and with acoustic
spectrum ω ∝ q - Goldstone mode illustrated in Fig.2. We can see that for these dispersion laws min
[
E(p)
p
]
= υ > 0,
that is the Landau criterion for superfluidity is satisfied. Since the Higgs mode is oscillation of modulus of the order
parameter |Ψ| which determines the density of SC electrons as ns = 2 |Ψ|2, then this oscillation is accompanied by
changes of SC density. In the same time the total electron density must be n = ns + nn = const, because otherwise
the oscillations of charge (plasmons) will take place (the plasmons exist in normal metal too, hence these oscillations
are not specific for SC state). Thus the oscillation of ns when n = const and q 6= 0 can be presented as counterflows of
SC and normal components so that nsvs+nnvn = 0 - Fig.3. Hence, in this case, the Higgs mode can be considered as
sound in the gas of quasiparticles (above-condensate quasiparticles with spectrum
√|∆|2 + v2F (k − kF )2 ) - the second
sound. It should be noted that since the normal component nn = n− 2 |Ψ|2 is gas of excitations above condensate of
7the Cooper pairs (moreover the size of a pair is much more than average distance between electrons), then separation
of electrons into superconducting and normal is some conditionality: in reality each electron makes superconducting
and normal movement simultaneously.
The speed υ can be found with the following way. Let us consider the long-wave limit q → 0 for the Higgs mode,
that is the whole system oscillates in a phase. To change the SC density and, hence the normal density, one Cooper
pair must be broken as minimum. For this the energy 2|∆| must be spent as minimum (SC energy gap). In turn,
from Eq.(24) it can see that minimal energy to excite one Higgs quantum is
√
8|a|mυ2, then√
8|a|mυ2 = 2|∆| =⇒ υ = vF√
3
, (26)
where vF is Fermi velocity, we have used |∆| = Tc
(
8pi2
7ζ(3)
)1/2
(1−T/Tc)1/2, a = 6pi
2T 2c
7ζ(3)εF
(T/Tc−1) for pure superconduc-
tor from microscopic GL theory. Thus the speed υ does not depend on temperature (at T → Tc) and is ∼ 106m/s c.
Physical sense of this speed will be defined in the next section. Using Eq.(26) we can see, that ~ω = 2|∆| is achieved
in the Goldstone mode (25) at q =
√
2
ξ , where ξ =
√
~2
4m|a| is a temperature-dependent coherence length. Noteworthy
that, if to set q = 1λ , then ~ω(q) > 2|∆| for type-I superconductors and ~ω(q) < 2|∆| for type-II superconductors -
Fig.2, since κ ≡ λξ < 1√2 for the type-I and κ > 1√2 for the type-II.
Figure 2: Higgs oscillations with the spectrum (24) - blue line, and Goldstone oscillations with the spectrum (25) - red line.
For q =
√
2
ξ
we have ~ω = 2|∆| in the Goldstone mode. If to set q = 1
λ
, then ~ω(q) > 2|∆| for type-I superconductors and
~ω(q) < 2|∆| for type-II superconductors. The region where the pair breaking occurs, because E > 2|∆|, is gray shaded. The
free Higgs mode lies entirely in this region, hence this mode is unstable due to decay to the above-condensate quasiparticles.
Figure 3: Higgs oscillations with the spectrum (24) at q 6= 0. This mode is oscillations of modulus of the order parameter |Ψ|,
the oscillations are accompanied by changes of density of SC electrons ns = 2 |Ψ|2. In the same time the total electron density
must be n = ns + nn = const, hence the oscillations can be presented as counterflows of SC and normal components so that
nsvs + nnvn = 0.
8The dispersion law (24) can be rewritten in the following relativistic-like form:
E2 = m˜2υ4 + p2υ2, (27)
where
m˜ ≡
√
8|a|m
υ
=
√
2~
ξυ
∝ Tc
v2F
(1− T/Tc)1/2 (28)
is the mass of a Higgs boson. The mass m˜ is connected with the scale of spatial inhomogeneities in a superconductor:
let E = 0 (that is we are considering a stationary configuration: Ψ(t) = const), then p2 = −m˜2υ2 hence p = i~
√
2
ξ ,
then Ψ = Ψ0 − φ0ei(
p
~x−E~ t) = Ψ0 − φ0e−
√
2
ξ x (for example, proximity effect, where a superconductor occupies half-
space x > 0), that is the order parameter is recovered on length ξ√
2
= ~m˜υ . It should be noticed since in the normal
phase (that is at T > Tc or H > Hc where ns = 0, nn = n) equilibrium value of the order parameter is Ψ = 0 then
the Goldstone and Higgs oscillations loss any sense. In the normal phase only relaxation of the nonequilibrium order
parameter Ψ 6= 0 to the equilibrium one Ψ = 0 takes place that will be considered in the Section V. In the normal phase
the speed υ losses physical sense and the correct limit transition to the normal state in expressions, which depend
on the factor c/υ, will be formulated in Section III. As seen from Eqs.(24,26) the energy of Higgs mode is E ≥ 2|∆|,
that is this mode exists in free quasiparticle continuum. Hence the free Higgs oscillation decays to quasiparticles with
the spectrum
√|∆|2 + v2F (k − kF )2 each. Thus the free Higgs mode in a pure superconductor is unstable, hence its
observation is problematical. So, recent investigations of resonant excitations in cuprate superconductors using THz
pulse exhibits that in this nonlinear optical process the light-induced excitation of Cooper pairs is dominated, while
the collective amplitude (Higgs) fluctuations of the SC order parameter give in general a negligible contribution [25].
In the same time various Higgs mechanisms play important role in dynamics, that will be considered in next sections.
Similar result about Higgs mode E2 = 4|∆|2 + v2F (~q)2 has been obtained in [10]. It has been shown that the
”mexican hat” potential is insufficient for appearance of the Higgs mode. For its appearance it is necessary Lorentz
invariant symmetry, however it may be sufficient the particle-hole symmetry like in the Dirac Hamiltonian. In [26]
a quasirelativistic action has been used to consider collective excitations in condensed-matter systems with broken
continuous symmetry, where the role of the speed of light is played by, for example, a spin wave or sound velocity.
It has been demonstrated that low-frequency dissipation by Goldstone modes entirely masks the amplitude (Higgs)
mode but in some O(N) symmetric systems (antiferromagnets, short coherence length superconductors, charge density
waves and lattice Bose condensates) the amplitude mode can be long-lived. Presence of the collective excitations with
energy E ≈ 2|∆| is confirmed in experiments [27, 28] about charge-density-wave (CDW) distortion in NbSe2 which are
observed as Raman-active phonon modes. In the SC state new Raman modes appear with energy close to the BCS
gap 2|∆|. Magnetic fields suppress the intensity of the new modes. As noted in [10] this fact can be explained by
that the CDW modes and superconducting-gap excitations are coupled via the density of states at the Fermi surface.
Recently the third-order nonlinear effect in d-wave cuprate superconductor Bi2Sr2CaCu2O8+x has been observed using
a THz pump so that comparison with a BCS calculation of the nonlinear susceptibility indicates that one of symmetry
components of the oscillations can be associated with the Higgs mode of the d-wave order parameter [29]. In [30] it has
been observed that a strong terahertz light field can induce oscillations of the SC order parameter in NbN. A resonance
between the field and the Higgs amplitude mode of the superconductor results in large terahertz third-harmonic
generation. In a work [31] it has been shown that resonant third-harmonic signal observed in the above-mentioned
experiments is naturally explained by the excitation of Higgs mode mediated by impurity scattering. It has been
revealed that due to the presence of disorder oscillations of the order parameter amplitude called the Higgs mode
can be effectively excited by the external electromagnetic radiation in usual BCS superconductors. This mechanism
works for superconductors with both isotropic s-wave and anisotropic, such as d-wave, pairings. So, in [32] it has been
demonstrated that the possible Higgs modes for superconductors with nontrivial gap symmetry can lead to additional
resonances if twice the driving frequency matches the energy of these Higgs modes.
The Goldstone mode (23) is eddy (Foucault) currents: since j = e~m |Ψ|2∇θ, where θ ∝ eiωt, then the alternating
current generates the alternating magnetic field curlH(t) = 4pic j(t), hence according to Maxwell equation the eddy
electric field curlE = 1c
∂H
∂t is induced, which induces the eddy currents in turn. In the long wave limit (q → 0) the
energy of the Goldstones is E = 0, that means the passing of nondissipative direct current. These processes will be
detail considered in the Sections III,V. Comparing Eq.(23) with Eq.(18) and taking into account the supercurrent
(19) we can see that the equation for Goldstone mode (23) is the charge conservation law for the eddy currents. For
example, in stationary case the conservation is divjs = 0 that means closure of the currents.
Let us consider the limit of small momentums (the long wave limit) of the collective excitations. From Eqs.(24,25,27)
we can see that at p→ 0 the energy of an excitation is E = m˜υ2. Using the relation i~∂Ψ∂t = EΨ the Eq.(16) takes a
9form of nonlinear ”Schrodinger equation”:
i~
m˜
4m
∂Ψ
∂t
= − ~
2
4m
∆Ψ + aΨ + b |Ψ|2 Ψ. (29)
This equation can be made dimensionless using a dimensionless order parameter ψ = Ψ/Ψ0:
iτ
∂ψ
∂t
= −ξ2∆ψ − ψ + |ψ|2 ψ, (30)
where ξ = ~√
4m|a| ∝ (Tc − T )
−1/2 is the temperature-dependent coherence length, which is a characteristic spatial
scale of SC system, and
τ =
~m˜
4m|a| ∝ (Tc − T )
−1/2 (31)
will be named as temperature-dependent coherence time, which is a characteristic time scale of SC system. Both the
coherence length and the coherence time divergence in Tc. In the same time using Eq.(28) we have:
ξ(T )
τ(T )
=
υ√
2
= const, (32)
that is the ratio ξ/τ is determined by internal dynamical characteristics of a superconductor. Physical sense of the
dependence of ξ and τ on temperature is as follows: the coherence length is size of a fluctuation and the coherence
time is oscillation period of the order parameter. The temperature is closer to Tc the fluctuation is larger and its
oscillation period is longer. New phase is a fluctuation of infinite size (fills the entire system) and its oscillation period
is infinitely large. In the same time in this Section we neglected friction of the normal component. The friction causes
damping of these oscillations and can lead to the overdamped regime when monotonic relaxation of a fluctuation
occurs. These process will be consider in Section V.
III. ELECTRODYNAMICS
A. Gauge invariance
Let a superconductor be in electromagnetic field Aµ = (ϕ,−A) (or contravariant vector Aµ = (ϕ,A)). In order to
ensure the gauge invariance the differential operation ∂µΨ must be changed as follows:
∂µΨ −→
(
∂µ +
i2e
c~
Aµ
)
Ψ = eiθ
[
∂µ|Ψ|+ i|Ψ|
(
∂µθ +
2e
c~
Aµ
)]
. (33)
Indeed, making a gauge transformation
θ = θ′ − 2e
c~
χ, Aµ = A
′
µ + ∂µχ =
{
ϕ = ϕ′ + 1c
∂χ
∂t
A = A′ −∇χ
}
, (34)
we have:
∂µθ +
2e
c~
Aµ = ∂µθ
′ +
2e
c~
A′µ. (35)
However in the Lagrangian (15) the differential operators (14) take place:
∂˜µ ≡
(
1
υ
∂
∂t
,∇
)
6= ∂µ ≡
(
1
c
∂
∂t
,∇
)
. (36)
In the same time in order to ensure the gauge invariance of Maxwell equations the field Aµ must be transformed with
transformation (34) only. Hence the equality (35) with the differential operator ∂˜µ cannot be satisfied:
∂˜µθ +
2e
c~
Aµ 6= ∂˜µθ′ + 2e
c~
A′µ, (37)
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accordingly the gauge invariance of the Lagrangian is violated. This fact is consequence of that the fields Ψ and Aµ
move in different Minkovskii spaces: with the limit speeds υ and c accordingly.
In order to ensure the gauge invariance of the Lagrangian (15) with electromagnetic field we should consider a field
A˜µ =
( c
υ
ϕ,−A
)
≡ (ϕ˜,−A). (38)
Then the gauge transformations are
θ = θ′ − 2e
c~
χ, A˜µ = A˜
′
µ + ∂˜µχ =
{
ϕ˜ = ϕ˜′ + 1υ
∂χ
∂t
A = A′ −∇χ
}
, (39)
as a result
∂˜µθ +
2e
c~
A˜µ = ∂˜µθ
′ +
2e
c~
A˜′µ. (40)
It should be noticed the following property:
∂˜µA˜
µ ≡
(
1
υ
∂ϕ˜
∂t
,∇A
)
=
(
1
c
∂ϕ
∂t
,∇A
)
≡ ∂µAµ. (41)
Interaction of a charge e with electromagnetic field Aµ is described with an action
Sint = −
∫
e
c
Aµdx
µ. (42)
Taking into account Aµdx
µ = ϕcdt −Adr = ϕ˜υdt −Adr = A˜µdx˜µ and determining the new charge e˜ as ec = e˜υ we
have
Sint = −
∫
e
c
Aµdx
µ = −
∫
e˜
υ
A˜µdx˜
µ. (43)
Thus interaction of the new charges with the new fields does not change, for example eϕ = e˜ϕ˜. Moreover the magnetic
flux quantum does not change too: Φ0 =
pi~c
e =
pi~υ
e˜ . Then the action for a charged particle in the field are
Sp+int =
∫ (
mv2
2
+
e˜
υ
Av− e˜ϕ˜
)
dt. (44)
Therefore equation of motion are
m
dv
dt
= − e˜
υ
∂A
∂t
− e˜∇ϕ˜+ e˜
υ
v× curlA
≡ e˜E˜+ e˜
υ
v×H = eE+ e
c
v×H. (45)
Here the electric field E˜ is such that
E˜ =
c
υ
E, e˜E˜ = eE. (46)
From the definition of E˜ and H in Eq.(45) the first pair of Maxwell’s equations follows:
curlE˜ = − 1
υ
∂H
∂t
, (47)
divH = 0. (48)
Thus the electromagnetic field A˜µ can be described with an action
Sf = − 1
16piυ
∫
F˜µν F˜
µνdΩ =
1
8pi
∫ (
E˜
2 −H2
)
dV dt, (49)
where dΩ = υdtdV is an element of the 4D Minkovskii space, F˜µν = ∂˜µA˜ν − ∂˜νA˜µ ≡
(
E˜,H
)
is an Faraday tensor.
The action (43) can be written as
Sint = − 1
υ
∫
ρ˜A˜µdx˜
µdV = − 1
υ2
∫
A˜µj˜
µdΩ, (50)
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where the 4D current is
j˜µ = ρ˜
dx˜µ
dt
= (υρ˜, ρ˜v) =
(
υρ˜, j˜
)
, (51)
here the new charge and current are
ρ˜ =
υ
c
ρ, j˜ =
υ
c
j. (52)
Then the action describing the electromagnetic field and interaction of the current with the field is
Sint+f =
∫ [
− 1
υ2
A˜µj˜
µ − 1
16piυ
F˜µν F˜
µν
]
dΩ. (53)
Variation of the action δSint+f gives the second pair of Maxwell equations:
curlH =
1
υ
∂E˜
∂t
+
4pi
υ
j˜, (54)
divE˜ = 4piρ˜, (55)
from where we can obtain conservation of charges both ρ˜ and ρ in a form:
∂j˜µ
∂x˜µ
= 0 =⇒ ∂ρ˜
∂t
+ div˜j = 0 =⇒ ∂ρ
∂t
+ divj = 0. (56)
In order to figure out the physical sense of field E˜, charge ρ˜ and speed υ let us consider Maxwell equations for
electromagnetic field in a dielectric:
curlE = − 1c ∂H∂t
divH = 0
curlH = 1c
∂D
∂t +
4pi
υ j
divD = 4piρf
, (57)
here D = εE is electric displacement, ε is electric permittivity, ρf is density of free charges. Then in the spatially
homogeneous case we can write:
curlE = − 1c ∂H∂t
divH = 0
curlH = εc
∂E
∂t +
4pi
c j
divE = 4pi ρfε
≡
curl (
√
εE) = −
√
ε
c
∂H
∂t
divH = 0
curlH =
√
ε
c
∂(
√
εE)
∂t +
4pi
√
ε
c
j√
ε
div (
√
εE) = 4pi ρf√
ε
≡
curlE˜ = − 1υ ∂H∂t
divH = 0
curlH = 1υ
∂E˜
∂t +
4pi
υ j˜
divE˜ = 4piρ˜f
, (58)
where we have defined E˜ ≡ √εE, ρ˜f ≡ ρf/
√
ε, j˜ ≡ j/√ε, υ ≡ c/√ε. Comparing Eqs.(58) with Eqs.(47,48,54,55) we
conclude that superconductor is equivalent to dielectric (in some effective sense, not in conductivity) with permittivity
ε =
c2
υ2
∼ 105, (59)
and the speed υ is the speed of light in SC medium if there were no the skin-effect and Meissner effect. We can see
that this permittivity is giant compared to the permittivity of true dielectrics (maximum ∼ 103 in segnetoelectrics),
but finite unlike the permittivity of normal metals where ε(ω = 0,q = 0) = ∞. In vacuum υ = c, that is ε = 1 and
A˜µ ≡ Aµ.
It should be noted that the dielectric permittivity is ε = c2/υ2 in the long wave limit ω → 0 only. If frequency of
electromagnetic wave is such that ~ω ≥ 2|∆|, then a photon can brake a Cooper pair with transfer of its constituents in
the free quasiparticle states. Hence in this area the strong absorption of the waves takes place. Thus the permittivity
ε is equal to c2/υ2 only when ~ω < 2|∆|. Since υ = const then ε = const in this interval. At ~ω  2|∆| we can
suppose ε→ εn(ω), where εn(ω) is the dielectric function of normal metal. As we approach the normal phase, where
∆ = 0, the permittivity c2/υ2 losses sense, then ε must be replaced by the dielectric function of normal metal εn(ω)
with the following properties:
εn(ω 6= 0) σ
ω
, εn(0) =∞, (60)
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where the conductivity σ can be assumed constant at low frequencies [12, 13].
In these terms, energy of the electric field is
Uel =
ED
8pi
=
εE2
8pi
=
E˜2
8pi
, (61)
density of the flux of electromagnetic energy is
S =
c
4pi
E×H = υ
4pi
E˜×H. (62)
The electromagnetic field tensor in a dielectric are Fµν = (E,H) and H
µν = (−D,H) with an invariant 12FµνHµν =
H2 − ED = H2 − εE2 = H2 − E˜2. In new representation the tensors can be written in a symmetrical form:
F˜µν =
(
E˜,H
)
and F˜µν =
(
−E˜,H
)
with the corresponding invariant 12 F˜µν F˜
µν = H2 − E˜2 = 12FµνHµν .
As a result of the above reasoning we can write the Lorentz-invariant gauge invariant Lagrangian:
L =
~2
4m
(
∂˜µ +
i2e˜
υ~
A˜µ
)
Ψ
(
∂˜µ − i2e˜
υ~
A˜µ
)
Ψ+ − a |Ψ|2 − b
2
|Ψ|4 − 1
16pi
F˜µν F˜
µν (63)
for the action
S =
1
υ
∫
L(Ψ,Ψ+, A˜µ, A˜
µ)υdtd3r. (64)
In Lagrangian (63) the first term is ”kinetic” energy of the field Ψ, the second and third terms are potential energy
of the field Ψ (self-action), the last term is action of the electromagnetic field A˜µ. The field A˜µ ≡ (ϕ,−A) is the sum
of the external field and the self-consistent internal field.
It should be noticed that the gauge invariance of the Lagrangian requires the masslessness of the electromagnetic
field: if the field had a mass M , then the term c
2
8pi~2M
2AµA
µ would have to be added to the Lagrangian [24].
Obviously, such contribution is not gauge invariant. This fact has an important consequence. In metal the electric
field is screened on the Thomas-Fermi length λTF as ϕ =
Q
r e
−r/λTF , then
MTF =
~
cλTF
, (65)
and corresponding term in the Lagrangian would have to be c
2
8pi~2M
2
TFϕ
2. However, as discussed above, this violates
the gauge invariance. Hence, until we consider the Higgs effect for photons, in a superconductor the electric field must
be screened with the dielectric law : ϕ = Qεr , where the permittivity is finite ε <∞ and it is determined with Eq.(59).
The Thomas-Fermi length should play role of length on which the field E drops to the screened field E/ε. In order
to screen the field on some length the electron liquid must become spatial inhomogeneous on this length (screening
charge is created in this region). Describing of the screening in SC phase on the TF length is problematically, since
the SC phase is characterised by spatial scales: London depth λ(T ) and coherence length ξ(T ) which are λ, ξ  λTF
even at T = 0. Analogously, there is a time scale ∼ ~/|∆|, which is such that |∆|  ~ωp, where ωp is the plasma
frequency. At variations over shorter distances and time intervals the SC system does not have reserve of free energy
a2
2b ∝ 1ξ4 , |∆|
2
ξ2 , |∆|4 to compensate the spatial-time variation energies ~
2
4m
1
l2 |Ψ|2, ~
2
4mυ2
1
τ2 |Ψ|2 (here l and τ are scales of
spatial and time variations accordingly). Thus spatial variation of order parameter is impossible on distances ∼ λTF
and time intervals ∼ 1/ωp. In other words, on these spatial-time scales (TF length and plasma frequency) the SC
order parameter losses any sense and a superconductor should behave like ordinary metal.
B. Magnetostatic and electrostatic Meissner effects
Let us consider a superconductor in electrostatic field: A˜µ = (ϕ˜, 0), E˜ = −∇ϕ˜. The potential ϕ˜ can be taken in a
gauge ∂θ∂t +
2e˜
~ ϕ˜ −→ 2e˜~ ϕ˜ using the gauge transformation (39), then we can suppose Ψ(t) = const. As a result the
Lagrangian (63) is reduced to expression:
L =
~2
4m
(
2e˜
υ~
)2
ϕ˜2 |Ψ|2 − ~
2
4m
|∇Ψ|2 − a |Ψ|2 − b
2
|Ψ|4 + (∇ϕ˜)
2
8pi
. (66)
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However this reduced Lagrangian is not Lorentz invariant, hence it cannot be used for minimization of action (64).
In static regime Lagrangian (66) should be used to build the free energy functional:
F =
∫
d3r
[
~2
4m
(
2e˜
~υ
)2
ϕ˜2 |Ψ|2 + ~
2
4m
|∇Ψ|2 + a |Ψ|2 + b
2
|Ψ|4 + (∇ϕ˜)
2
8pi
]
. (67)
We have used that, as we can see from Eqs.(1,15), the spatial terms of the Lagrangian play role of potential energy,
and the time terms play role of kinetic energy. Accordingly, in this case, the term with electrostatic potential ϕ˜
plays role of the time term since the potential is a time component of the 4D potential (ϕ˜,A)). Let us calculate
thermodynamical electric field Ecm (like thermodynamical magnetic field Hcm):
E˜2cm
8pi
= Fn − Fs = a
2
2b
=
H2cm
8pi
=⇒ Ecm = Hcm
√
ε. (68)
This means that Ecm is large value because the dielectric function ε is giant - Eq.(59). In SI we have Ecm =√
µ0
ε0
√
εHcm = c
√
εBcm, where B = µ0H is magnetic flux density. This fact explains experimental results presented
in [17] which illustrate that the external electric field does not affect significantly the SC state: in order to affect SC
state it is necessary to apply the external field which is much larger than values obtained in the covariant extension
of the GL theory presented in works [15, 16] since in our theory ε ∼ 105, and from Lagrangian (8) and relation (9) it
can see that ε = 1.
Equation for electric field ϕ˜(r) is obtained by varying the free energy functional (67) on the field:
δF
δϕ˜
= 0 =⇒ ∆ϕ˜ = 1
λ2
ϕ˜ =⇒ ∆E˜ = 1
λ2
E˜, (69)
where
λ2(T ) =
mυ2b
e˜28pi|a(T )| =
mc2b
e28pi|a(T )| (70)
is London (magnetic) penetration depth. Thus the screened potential electric field penetrates a superconductor to the
same depth as the magnetic field penetrates - Fig4.
Figure 4: Penetrations of magnetic field H = curlA and potential electric field E = −∇ϕ in a superconductor. The magnetic
field H0 applied to a superconductor penetrates it on the depth λ. The electrostatic field E0 applied to the superconductor is
screened as E0/ε, where ε(ω = 0,q = 0) <∞, and then it penetrates the superconductor on the same depth λ.
The obtained result poses the following question. The electrical field E = E0/ε penetrates a superconductor on the
depth λ  λTF which can be macroscopic value λ(T → Tc) → ∞, unlike normal metals where ε(ω = 0,q = 0) = ∞.
Then according to the first London equation ∂∂t
(
4piλ2
c2 js
)
= E the supercurrent must be accelerated by this field. Our
model resolves this contradiction as follows.
Let us consider motion of an element of electron liquid of mass density ρm and charge density ρ under action of the
electromagnetic field (ϕ˜,A) in a SC system. The corresponding action is
S =
∫ [
ρm
2
v2 − ρ˜ϕ˜+ ρ˜
υ
Av− ~
2
4m
|Ψ|2
(
2e˜
~υ
)2 (
ϕ˜2 −A2)] dtdV, (71)
14
where the first term is kinetic energy of the liquid, the second and third terms are interaction of the charge with electric
and magnetic potentials accordingly, the forth term is interaction of the electromagnetic fields with the scalar field
Ψ since each electron makes SC and normal movement simultaneously: ρv = ρsvs + ρnvn, ρ = ρs + ρn, ρs = 2e|Ψ|2,
ρm = ρms + ρmn, ρms = 2m|Ψ|2. The electromagnet potentials ϕ˜ and A are taken in a gauge ∂˜µθ + 2ec~ A˜µ −→ 2ec~ A˜µ
using the gauge transformation (39). Then equation of motion of the charge is
ρm
dv
dt
= −ρ˜ 1
υ
∂A
∂t
+ fel + fm, (72)
where
fel = −ρ˜∇ϕ˜− 1
4piλ2
ϕ˜∇ϕ˜, (73)
fm =
1
c
j× curlA+ 1
4piλ2
A× curlA. (74)
Here j ≡ ρv = ρsvs+ρnvn is total current since each electron makes superconducting and normal movement simulta-
neously. The forces fel and fm are sums of electrical force and Ampere force accordingly with specific ponderomotive
forces which are consequence of spontaneous U(1) symmetry breaking. A force −ρ˜ 1υ ∂A∂t ≡ ρ˜E˜vor is the interaction of
the charge with the vortex electric field.
Since the forces fel and fm are sums the two terms each, then equilibrium can be reached. So, for the magnetic force
we have:
fm = 0 =⇒ js = −
c
4piλ2
A =⇒ ∆A = 1
λ2
A =⇒ ∆H = 1
λ2
H, (75)
which is the London law (the transverse gauge divA = 0 has been used). This means that the direct current can exist
on the depth λ only. Here j = js because the direct normal current jn is blocked by electrical resistance in the static
case, in the same time the charge in conserved: divjs = 0. Analogously the equilibrium for charges is reached when
fel = 0 =⇒ ρ˜ = − 1
4piλ2
ϕ˜ =⇒ ∆ϕ˜ = 1
λ2
ϕ˜ =⇒ ∆E˜ = 1
λ2
E˜, (76)
that is we arrive to the equation (69) again. Since the current j is the spatial component of 4D current (υρ, ρv), and
in the static case jn = 0, then the Lorentz covariance requires that the self-consistent screening charge ρ˜ in Eq.(76) is
created by the SC component only: ρ˜ = ρ˜s. Thus we should make the following conclusions:
1. The electric force acting on a charge −ρ∇ϕ = −ρ˜∇ϕ˜ is compensated by the specific ponderomotive force
− 14piλ2 ϕ˜∇ϕ˜, so that the electrostatic field E = −∇ϕ can penetrate a superconductor on the macroscopic depth
without causing acceleration of the supercurrent js.
2. Only vortex electric field − 1c ∂A∂t can accelerate the charge ρ in a superconductor.
3. Within a superconductor the charge can exist near the surface on the London depth λ: ρ = − 14piλ2εϕ, just
like the supercurrent can exist according to the London law: j = − c4piλ2A, however the electric potential ϕ is
screened as ϕ/ε on the Thomas-Fermi length λTF  λ.
It should be noted that due to the giant dielectric permittivity (59) the field in a superconductor E = E0/ε is very
small, therefore its experimental observation is very problematically.
Thus in this model at T → Tc electric field, like magnetic field, aspires to fill the entire volume of a superconductor:
λ(T → Tc) = ∞. However at T > Tc the SC component is absent hence the potential electric force −ρ˜∇ϕ˜ cannot
be compensated with the specific for SC phase ponderomotive force − 14piλ2 ϕ˜∇ϕ˜. This means that the electrostatic
field cannot penetrate a metal in equilibrium state since it could cause current which would lead to dissipation. Thus
in normal metal phase the screening can be realized on microscopic (interatomic) ∼ λTF length only. It should be
noted that since E = 0 within a superconductor (on depth λ) then tangent component of external field on its surface
is not zero Et 6= 0 unlike normal metal. However nonzero Et does not induce a surface current since the field must
be compensated by the pondermotive force fel too.
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C. Anderson-Higgs mechanism and Higgs effect
The modulus-phase representation (12) can be considered as local gauge U(1) transformation:
Ψ = |Ψ| ei 2e˜~υχ, (77)
so that the gauge field is transformed as
A˜µ = A˜
′
µ + ∂˜µχ. (78)
After transformations (77,78) the Lagrangian (63) takes a form:
L =
~2
4m
(
∂˜µ +
i2e˜
~υ
A˜µ
)
|Ψ|
(
∂˜µ − i2e˜
~υ
A˜µ
)
|Ψ| − a |Ψ|2 − b
2
|Ψ|4 − 1
16pi
F˜µν F˜
µν
≈ ~
2
4m
∂˜µφ∂˜
µφ− 2|a|φ2 + 1
2
a2
b
+
~2
4m
(
2e˜
~υ
)2
Ψ20A˜µA˜
µ − 1
16pi
F˜µν F˜
µν . (79)
Comparing this expression with Lagrangian (21) we can see that the Goldstone boson θ is absorbed into the gauge
field A˜µ, i.e Anderson-Higgs mechanism occurs. From this Lagrangian the equation for the field A˜µ can be obtained
as
∂˜µ
∂L
∂
(
∂˜µA˜ν
) − ∂L
∂A˜ν
= 0 =⇒ ∂˜µF˜µν + 1
λ2
A˜ν = 0, (80)
where we have used the rules ∂
(
A˜νA˜
ν
)
= 2∂A˜νA˜
ν = 2A˜ν∂A˜
ν and ∂
(
F˜µν F˜
µν
)
= 2∂F˜µν F˜
µν = 2F˜µν∂F˜
µν . Using
the Lorentz gauge ∂˜µA˜
µ = 0, Eq.(80) is reduced to
∂˜µ∂˜µA˜
ν +
1
λ2
A˜ν = 0 =⇒
1
υ2
∂2A
∂t2 −∆A+ 1λ2A = 0
1
υ2
∂2ϕ˜
∂t2 −∆ϕ˜+ 1λ2 ϕ˜ = 0
. (81)
Taking the fields as harmonic modes A = A0e
i(qr−ωt) and ϕ˜ = ϕ˜0ei(qr−ωt) we obtain dispersion law for photons in a
superconductor
ω2 = υ2q2 +
υ2
λ2
=⇒ E2 = υ2p2 +m2Aυ4, (82)
where
mA =
~
λυ
∝ (Tc − T )1/2 (83)
is mass of a photon, i.e the Higgs effect takes place. It is noteworthy that the mass of a Higgs boson (28) m˜ =
√
2~
ξυ
and the mass of a photon (83) are related as
m˜(T )
mA(T )
=
√
2κ, (84)
where κ = λ/ξ is Ginzburg-Landau parameter. That is for type-I superconductors m˜ < mA, for type-II superconduc-
tors m˜ > mA.
The dispersion equation (82) can be rewritten in a form:
q2 = − 1
λ2
+
ω2
υ2
, (85)
that determines the penetration of electromagnetic field in a superconductor. At first, let us consider stationary case
ω = 0, then q2 = − 1λ2 . Thus q = iλ , hence A = A0e−x/λ. We can see that Higgs effect manifests itself in that the
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electromagnetic field penetrates a superconductor on the London depth λ (70). In the same time for nonstationary
case ω 6= 0 the penetration depth is obtained as λ
(
1− λ2 ω2υ2
)−1/2
> λ. If ω > ωc, where
ωc =
υ
λ
∝ (Tc − T )1/2 , (86)
we have q2 > 0, that is electromagnetic field penetrates superconductor on entire depth. Thus the increase of the
penetration depth with frequency and existence of the critical frequency (86), when the depth becomes infinitely large,
is principal result of the extended TDGL theory. The Meissner screening is caused by SC electrons with density ns.
However in a superconductor the normal electrons with density nn exist even at T = 0 due to impurities [33, 34],
at T 6= 0 the normal component is thermally excited quasiparticles. The normal component causes absorption of
electromagnetic waves and the skin-effect. These processes smear the penetration effect, that will be considered in
Section V. Moreover if the frequency ~ω > 2|∆|, then intensive absorption of the electromagnetic waves occurs due
to the breaking of Cooper pairs, hence in order to observe the effect it must be ~ωc < 2|∆|. Using Eq.(26) in a form
~υ
√
2
ξ = 2|∆|, where ξ = ~√4m|a| is coherence length, we can represent ωc in another form:
~ωc = 2|∆| 1√
2κ
, (87)
where κ = λξ is GL parameter. Thus the condition ~ωc < 2|∆| can be satisfied in type-II superconductors only (where
κ > 1/
√
2). It should be noted that the result has been obtained only for s-wave superconductors.
The physical cause of the threshold ωc is illustrated in Fig.(5) and it is as follows. Electromagnetic field Aµ is
screened on the depth λ by the induced supercurrent js = − c4piλ2A according to Higgs mechanism. Thus the system
can respond to the external field Aµ on the minimal length λ. For example, if we have a thin plate d λ, then the
magnetic field penetrates it completely and does not influent on it’s state [3, 35]. Let, at first, the electromagnetic
wave with wavelength Λ = 2piυω  λ falls on a superconductor. Then the depth λ is enough to to screen this field.
Now, let the wavelength is Λ  λ, then the field essentially changes within the length λ - it changes the sign, as
illustrated in Fig.5. In this situation the SC system should screen the oppositely directed fields on the length which is
less than λ, that cannot be done. Hence the fields with wavelength Λ . λ (that is ω > ωc) cannot be screened by the
supercurrent. It should be noted that, according to our model, the speed of light in a superconductor is υ  c, hence
at given frequency ω the wavelength in the superconductor is much less than in vacuum: Λ/2pi = υω  cω , precisely
because of this property the screening effect can be observable because at the frequencies ~ω < 2|∆| we can get into
the interval Λ . λ. In turn, influence of the Higgs effect on the wave with ω > ωc (within SC region) is reduced to
increasing of the wavelength as Λ (ω) = λ
(
ω2
υ2 λ
2 − 1
)−1/2
, so that Λ (ωc) =∞.
Figure 5: long-wave field (blue line) Λ  λ and short-wave field (red line) Λ  λ fall on surface of a superconductor. The
long-wave field can be screened by SC component on the London length λ (solid blue line). The short-wave field changes its
sign within the length λ (dash red line), hence the system cannot screen this field, because the screening supercurrent would
have to turn over many times within the minimal length λ. Influence of the Higgs effect on this wave is reduced to increasing
of the wavelength (solid red line). The screening by the normal component (skin effect) is not considered here.
In order to obtain general equations for the fields Ψ and A˜µ we must variate the action (64) with the Lagrangian
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(63):
Dµ
∂L
∂ (DµΨ+)
− ∂L
∂Ψ+
= 0 =⇒ ~
2
4m
(
∂˜µ − i2e˜
~υ
A˜µ
)(
∂˜µ +
i2e˜
~υ
A˜µ
)
Ψ + aΨ + b |Ψ|2 Ψ = 0, (88)
∂˜ν
∂L
∂
(
∂˜νA˜µ
) − ∂L
∂A˜µ
= 0 =⇒ j˜µ = ie˜~
2m
[
Ψ+
(
∂˜µ +
i2e˜
υ~
A˜µ
)
Ψ−Ψ
(
∂˜µ − i2e˜
υ~
A˜µ
)
Ψ+
]
, (89)
where Dµ ≡ ∂˜µ − i2e˜~υ A˜µ. In Eq.(89) we have used the Maxwell equation ∂˜µF˜µν = − 4piυ j˜ν . The relevant boundary
conditions are (
∂˜µ +
i2e˜
~υ
A˜µ
)
nµΨ = 0, (90)
where nµ is a normal to some hypersurface. If the superconductor is bordered by a vacuum or dielectric then the
current j cannot flow in or out of it:
n
(
∇Ψ− i2e
~c
AΨ
)
= 0, (91)
where n is a normal to the surface of a superconductor. Then for the time component we have
∂θ
∂t
+
2e
~
ϕ = 0, (92)
if |Ψ| does not depend on time. Relation (92) determines change of the phase θ in time in the presence of the scalar
potential ϕ that, in particular, gives the AC Josephson effect. In this case the time component n0 of the normal
nµ = (n0,n) is arbitrary.
If to use the modulus-phase representation (12) and to make the gauge transformations (39) then the current (89)
can be represented in a form:
j˜µ = (υρ˜s, j˜s) =
[
−υ e˜~
mυ2
|Ψ|2
(
∂θ
∂t
+
2e˜
~
ϕ˜
)
,
e˜~
m
|Ψ|2
(
∇θ − 2e˜
υ~
A
)]
−→ − 1
4piλ2
(υϕ˜, υA) ≡ − υ
4piλ2
A˜µ, (93)
which is the London laws (75,76) in 4D form.
It should be noted that the obtained results essentially differ from the results of the theory of gauge-invariant
response of superconductors to an external electromagnetic field presented in [36]. In this model the oscillations of the
phase θ is described by an equation
(
ω2 − ω2p
)
θ(ω,q) = 0, where ω2p = 4pine
2/m is frequency of plasma oscillations.
Thus the Coulomb interaction ”pushes” the frequency of acoustic oscillations to the plasma frequency ωp. There is
a qualitative explanation of this effect. The Goldstone mode is related to the appearance of oscillations in the order
parameter phase, necessarily causing oscillations of the current j = e~m |Ψ|2∇θ, which in turn give rise to oscillations in
the electron number density. Any change in the charge density in metals generates strong longitudinal electric fields,
which result in oscillations at the plasma frequency. Thus Goldstone mode becomes unobservable on its own since it
turns to plasma oscillations. However in our model the unobservability of the Goldstone mode is explained with the
Anderson-Higgs mechanism: oscillations of the phase θ are absorbed into the gauge field A˜µ. This makes impossible
to accompaniment the phase oscillations (Goldstone mode) by charge density oscillations. Indeed, according to the
conservation law ∂ρ∂t + divj = 0 presence of the current divj 6= 0 changes the charge ρ. In the same time in SC state
we must use the gauge invariant current (93), then
∂ρ˜
∂t
+
e˜~
m
|Ψ|2div
(
∇θ − 2e˜
υ~
A
)
= 0 −→ ∂ρ˜
∂t
− e˜~
m
2e˜
υ~
|Ψ|2divA = 0 =⇒ ∂ρ˜
∂t
= 0, (94)
where we have excluded the phase θ by means of gauge transformations (39) and we should fix the transverse gauge
divA = 0 (as in the London law (75)) since it corresponds to the lowest excitation energy: E → 0 at p→ 0 (excitation
of Goldstone mode), otherwise any divA 6= 0 requires the energy ∼ ~ωp. Or differentiating by time zero components
of the current (93): ρ˜s = − e˜~mυ2 |Ψ|2
(
∂θ
∂t +
2e˜
~ ϕ˜
)
, using the gauge transformations (39), we obtain the same:
∂ρ˜
∂t
+
e˜~
m
|Ψ|2 1
υ2
∂
∂t
(
∂θ
∂t
+
2e˜
~
ϕ˜
)
= 0 −→ ∂ρ˜
∂t
+
e˜~
m
2e˜
υ2~
|Ψ|2 ∂ϕ˜
∂t
= 0 =⇒ ∂ρ˜
∂t
= 0, (95)
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since from divA = 0 and the Lorentz gauge 1υ
∂ϕ˜
∂t + divA = 0 we have
∂ϕ˜
∂t = 0. Or we can use the boundary condition
(92). We can see that dynamics of charges (and longitudinal electrical field) in a superconductor is determined by
the transverse field A (i.e with the gauge divA = 0): any redistribution of charges ρ(t, r) is accompanied with
propagation of currents j, in its turn, the currents generate magnetic field as curlH = 4pic j, the SC medium responds
to this field according to the London law ∆H = 1λ2H that requires the screening current js = − c4piλ2A which gives
resulting current j+ js that determines corresponding distribution of the charges and configuration of the longitudinal
electrical field. Obviously in the normal metal phase this mechanism is absent. Thus from Eqs.(94,95) we can see
that the fluctuations of phase (Goldstone mode) cannot change the charge density ρ, hence the phase oscillations are
not affiliated with the plasmons. Indeed, the phase oscillations θ(r, t) are oscillations of the order parameter |Ψ|eiθ,
i.e are specific for the SC state. In the same time the plasma oscillations exist unchanged both in SC phase and in
the normal metal phase, that is they are unrelated to the SC ordering and are not specific for the SC state. Thus if
the plasma oscillations were the phase oscillations of the order parameter, then this would necessarily be reflected in
them at the transition point Tc, however the spectrum of the plasma oscillations does not depend on temperature.
IV. GOLDSTONES IN TWO-BAND SUPERCONDUCTORS
In previous section we could observe Anderson-Higgs mechanism: the Goldstone boson θ is absorbed into the gauge
field A˜µ - Eq.(79). Thus the Goldstone mode is not observable in single-band superconductors. Let us consider this
problem in two-band superconductors. In presence of two order parameters in a bulk isotropic s-wave superconductor,
the GL free energy functional (at A = 0) can be written as [37–39]:
F =
∫
d3r[
~2
4m1
|∇Ψ1|2 + ~
2
4m2
|∇Ψ2|2
+ a1 |Ψ1|2 + a2 |Ψ2|2 + b1
2
|Ψ1|4 + b2
2
|Ψ2|4 + 
(
Ψ+1 Ψ2 + Ψ1Ψ
+
2
)
], (96)
where m1,2 denote the effective mass of carriers in the correspond band, the coefficients a1,2 are given as ai = γi(T−Tci)
where γi are some constants, the coefficients b1,2 are independent on temperature, the quantity  describes interband
mixing of the two order parameters (proximity effect). If we switch off the interband interaction  = 0 then we will
have two independent superconductors with the different critical temperatures Tc1 and Tc2 because the intraband
interactions can be different. Interaction between gradients of the order parameters (drag effect), which is considered
in [40], is omitted for easing of consideration.
Minimization of the free energy functional with respect to the order parameters, if ∇Ψ1,2 = 0, gives{
a1Ψ1 + Ψ2 + b1Ψ
3
1 = 0
a2Ψ2 + Ψ1 + b2Ψ
3
2 = 0
}
. (97)
Near critical temperature Tc we have Ψ
3
1,2 → 0, hence we can find the critical temperature as a solvability condition
of the linearized Eqs.(97):
a1a2 − 2 = γ1γ2(Tc − Tc1)(Tc − Tc2)− 2 = 0. (98)
Solving this equation we find Tc > Tc1, Tc2, moreover the solution does not depend on the sign of . The sign
determines the phase difference of the order parameters |Ψ1|eiθ1 , |Ψ2|eiθ2 :
cos(θ1 − θ2) = 1 if  < 0
cos(θ1 − θ2) = −1 if  > 0 , (99)
that follows from Eqs.(97,98). The case  < 0 corresponds to attractive interband interaction, the case  > 0
corresponds to repulsive interband interaction.
According to the method described in Section II the two-component scalar fields Ψ1,2(r, t) should minimize an
action S in the 4D Minkovskii space:
S =
1
υ
∫
L(Ψ1,Ψ2,Ψ
+
1 ,Ψ
+
2 )υdtd
3r, (100)
where L is some 4D Lagrangian. This Lagrangian is built by eneralizing the GL density of free energy in (96) to the
”relativistic” invariant form by substitution of covariance and contravariance differential operators (14) instead the
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gradient operator ∇:
L =
~2
4m1
(
∂˜µΨ1
)(
∂˜µΨ+1
)
+
~2
4m2
(
∂˜µΨ2
)(
∂˜µΨ+2
)
− a1 |Ψ1|2 − b1
2
|Ψ1|4 − a2 |Ψ2|2 − b2
2
|Ψ2|4 − 
(
Ψ+1 Ψ2 + Ψ1Ψ
+
2
)
, (101)
where for Ψ1 and Ψ2 with the masses m1 and m2 accordingly the same speed υ is used. According to [40] the theory
of a two-band superconductor can be reduced to GL theory of a single-band superconductor for equilibrium values
of the orders parameters (time independent). In this model the orders parameters are related as Ψ2 = C(T )Ψ1 at
T → Tc, T > Tc1, Tc2, where the coefficient C is
C =
√
a1
a2
, if  < 0
C = −
√
a1
a2
, if  > 0
. (102)
Then the relation (26) can be written in a form:√
8|A|Mυ2 = 2|∆|, (103)
where A = a1 +a2C
2 + 2C, B = b1 + b2C
4, M−1 = 1m1 +
C2
m2
and |∆| ∝ Ψ0 =
√−A/B is an effective gap. Obviously
υ ∼ vF1, vF2 like in Eq.(26).
Let us consider movement of the phases only. Using the modulus-phase representation and assuming |Ψ1| = const
and |Ψ2| = const Lagrangian (101) takes a form:
L =
~2
4m1
|Ψ1|2
(
∂˜µθ1
)(
∂˜µθ1
)
+
~2
4m2
|Ψ2|2
(
∂˜µθ2
)(
∂˜µθ2
)
− 2|Ψ1||Ψ2| cos (θ1 − θ2) + L (|Ψ1|, |Ψ2|) . (104)
Corresponding Lagrange equations are
~2
4m1
|Ψ1|2∂˜µ∂˜µθ1 − 2|Ψ1||Ψ2| sin (θ1 − θ2) = 0 (105)
~2
4m2
|Ψ2|2∂˜µ∂˜µθ2 + 2|Ψ1||Ψ2| sin (θ1 − θ2) = 0. (106)
The phases can be written in a form of oscillations:
θ1 = θ
0
1 +Ae
i(qr−ωt)
θ2 = θ
0
2 +Be
i(qr−ωt) , (107)
where equilibrium phases θ01,2 satisfy the relations (99). Substituting (107) to Eqs.(105,106) and linearizing we obtain
following dispersion laws:
ω2 = q2υ2 (108)
wherein A = B, and
(~ω)2 = 8|| |Ψ1|
2m2 + |Ψ2|2m1
|Ψ1||Ψ1| υ
2 + (~q)2υ2 (109)
wherein
A
B
= −m1
m2
|Ψ2|2
|Ψ1|2 . (110)
For symmetrical bands m1 = m2 ≡ m and |Ψ1| = |Ψ2| we obtain
(~ω)2 = 16||mυ2 + (~q)2υ2, A = −B. (111)
Thus we can see that in two-band superconductors there are two modes of the phases oscillations: the common mode
oscillations with the spectrum (108) like Goldstone mode (25) in single-band superconductors, and the oscillations of
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the relative phase between two SC condensates (109,110,111) which can be identified as the Leggett’s mode [41–43].
In a two band superconductor a current (flow) takes the following form:
j = e~
( |Ψ1|2
m1
∇θ1 + |Ψ2|
2
m2
∇θ2
)
= iei(qr−ωt)e~
( |Ψ1|2
m1
A+
|Ψ2|2
m2
B
)
q, (112)
from where we can see that for Leggett’s mode (110) the current is j = 0. Thus, unlike the Goldstone mode (108)
which is the eddy current, the Leggett’s oscillations are not accompanied by any currents.
Let us consider the Anderson-Higgs mechanism in a case of two-band superconductor. The gauge invariant form
(U(1)× U(1) symmetry) of Lagrangian (101) is [37–40]:
L =
~2
4m1
(
∂˜µ +
i2e˜
υ~
A˜µ
)
Ψ1
(
∂˜µ − i2e˜
υ~
A˜µ
)
Ψ+1 +
~2
4m2
(
∂˜µ +
i2e˜
υ~
A˜µ
)
Ψ2
(
∂˜µ − i2e˜
υ~
A˜µ
)
Ψ+2
− a1 |Ψ1|2 − b1
2
|Ψ1|4 − a2 |Ψ2|2 − b2
2
|Ψ2|4 − 
(
Ψ+1 Ψ2 + Ψ1Ψ
+
2
)− 1
16pi
F˜µν F˜
µν . (113)
As in previous consideration the modulus-phase representation (77) can be considered as local gauge U(1) transfor-
mation:
Ψ1 = |Ψ1| ei 2e˜~υχ1 , Ψ2 = |Ψ2| ei 2e˜~υχ2 . (114)
Then the gauge field should be transformed as
A˜µ = A˜
′
µ + α∂˜µχ1 + β∂˜µχ2, (115)
where
α =
|Ψ1|2
m1
|Ψ1|2
m1
+ |Ψ2|
2
m2
, β =
|Ψ2|2
m2
|Ψ1|2
m1
+ |Ψ2|
2
m2
, (116)
so that
α+ β = 1,
|Ψ1|2
m1
β =
|Ψ2|2
m2
α. (117)
The transformation (115) excludes the phases θ1 and θ2 in the Lagrangian (113) individually leaving only their
difference:
L =
~2
4m1
(
∂˜µ +
i2e˜
υ~
A˜µ
)
|Ψ1|
(
∂˜µ − i2e˜
υ~
A˜µ
)
|Ψ1|+ ~
2
4m2
(
∂˜µ +
i2e˜
υ~
A˜µ
)
|Ψ2|
(
∂˜µ − i2e˜
υ~
A˜µ
)
|Ψ2|
+
~2
4
|Ψ1|2|Ψ2|2
|Ψ1|2m2 + |Ψ2|2m1 ∂˜µ (θ1 − θ2) ∂˜
µ (θ1 − θ2)− 2|Ψ1||Ψ2| cos (θ1 − θ2) + L
(
|Ψ1|, |Ψ2|, F˜µν F˜µν
)
. (118)
Thus the gauge field A˜µ absorbs the Goldstone bosons θ1,2 so that the Lagrangian remains dependent on the difference
θ1 − θ2 only. The equation for θ1 − θ2 has a form:
∂˜µ∂˜
µ (θ1 − θ2)− 8~2
|Ψ1|2m2 + |Ψ2|2m1
|Ψ1||Ψ1|  sin (θ1 − θ2) = 0. (119)
This equation is like sin-Gordon equation, but the coefficient  is a function of difference of the equilibrium phases
θ01− θ02 = 0, pi according to Eq.(99). Hence Eq.(119) should be linearized using the relation (99) and small oscillations
(107), that gives the following spectrum:
(~ω)2 = 8|| |Ψ1|
2m2 + |Ψ2|2m1
|Ψ1||Ψ1| υ
2 + (~q)2υ2,
which coincides with the Leggett’s mode spectrum (109). Thus we can see that in two band superconductors the
common mode oscillations with the spectrum (108) are absorbed by the gauge field A˜µ like in single-band supercon-
ductors. In the same time the oscillations of the relative phase between two superconducting condensates (Leggett’s
mode) ”survive” due to these oscillations are not accompanied by current - Eqs.(110,112). Hence the Leggett’s mode
can be observable, that is confirmed in experiment [44].
21
V. DAMPING AND RELAXATION
In the previous sections we have considered eigen harmonic oscillations of the order parameter - the Higgs mode and
Goldstone modes which are absorbed by the gauge field except Leggett’s mode (in multi-band systems). However the
movement of the normal component is accompanied by friction and generation of heat by Joule-Lenz law Q = j2n/σ,
where jn = ennvn is normal current, nn = n − ns = n − 2|Ψ|2 is density of the normal component, vn is its speed,
σ is conductivity. Thus to support the normal movement some electric field E must act (it is not electrostatic field
which has been discussed in previous sections), the current and the field are connected by Ohm’s law: jn = σE.
Then, instead the harmonic oscillations, we will have situations illustrated in Fig.1b - relaxation, Fig.1c - damping
oscillations, Fig.1d - forced (undamped) oscillations under the action of an external field.
The energy dissipation is accounted with the Rayleigh dissipation function R which determines speed of the dissi-
pation as −dA/dt = 2R (A is the work done by the dissipative forces due to the energy reserve of a system or action
of external fields), that is Q = 2R. As a rule, the dissipative force (friction) is proportional to generalized velocity q˙:
F = −kq˙ (k is a friction coefficient), then R = 12kq˙2, so that F = −dRdq˙ . Corresponding equation of motion is
d
dt
∂L
∂q˙
− ∂L
∂q
+
∂R
∂q˙
= 0. (120)
Let us consider several important examples using Lagrangian L (63).
A. Skin-effect in superconductors
Let monochromatic electromagnetic wave A˜µ = (0,A) (in a gauge ϕ = 0, divA = 0) with frequency ~ω < 2|∆| falls
on a superconductor. The wave induces eddy currents both superconducting js and normal jn. For normal electrons
an equation of motion is mv˙ = eE(t)− (m/τ)v, where E(t) = − 1c ∂A∂t is vortex electric field, τ is the mean free path
time of electrons. Then equation for the normal current is
m
enn
djn
dt
+
m
enn
jn
τ
= eE(t). (121)
For the harmonic field E = E0e
i(qr−ωt) and current jn = jn0ei(qr−ωt) we have the Ohm’s law jn = σ
1+iωτ
1+(ωτ)2E, where
σ = τmnne
2 is conductivity of the normal component. We will consider regime of normal skin effect only, that is when
ωτ  1. The Joule-Lenz heat is Q = σωE2, where σω = σ1+(ωτ)2 . Respectively the Rayleigh dissipation function is
R =
1
2
σω (1 + iωτ)E
2 =
1
2
σ˜ω (1 + iωτ) E˜
2
. (122)
Here E˜ ≡ − 1υ ∂A∂t ≡ −∂˜0A˜µ = ∂˜0A˜µ so that σE2 = σ˜E˜
2
, E˜
2
= −∂˜0A˜µ∂˜0A˜µ =
∑3
µ=1
(
∂˜0A˜µ
)2
=
∑3
µ=1
(
∂˜0A˜µ
)2
.
Unlike the Joule-Lenz law the Rayleigh dissipation function has both an active part and a reactive part determined
by the term iωτ for agreement with the results of London theory [35]. The active part determines dissipation of the
electromagnetic energy, the reactive part determines the phase shift of the current jn relatively to the field E due to
inertia of the system. Then an analog of Eq.(120) using (80) can be written:
∂˜µ
∂L
∂
(
∂˜µA˜ν
) − ∂L
∂A˜ν
+
1
υ
∂R
∂
(
∂˜0A˜ν
) = 0. (123)
Obviously this equation is not Lorentz covariant due to the dissipative term. Dissipation distinguishes a time direction,
i.e violates the time symmetry t ↔ −t which is symmetry for the Lorentz boost. Using the gauge ϕ = 0, divA = 0
Eq.(123) is reduced to
1
υ2
∂2A
∂t2
−∆A+ 1
λ2
A+
4piσ˜ω (1 + iωτ)
υ2
∂A
∂t
= 0. (124)
Taking the field as harmonic mode A = A0e
i(qr−ωt) we obtain a dispersion law for photons in a superconductor:
ω2 = υ2q2 +
υ2
λ2ω
− i4piσ˜ωω =⇒ q2 = ω
2
υ2
− 1
λ2ω
+ i
4pi
c2
σωω. (125)
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Here we have denoted:
1
λ2ω
≡ 1
λ2
+
4pi
c2
σωω
2τ =
1
λ2
(
1 +
nn
ns
(ωτ)2
1 + (ωτ)2
)
. (126)
Obviously λω ≤ λ, at T = 0 in pure metal nn = 0 takes place [33, 34] hence we have λω = λ in this case. The obtained
expression (125) differs from the result of London theory q2 = − 1λ2ω + i
4pi
c2 σωω by a term
ω2
υ2 . However at small
frequencies ~ω  |∆|, ω2υ2  1λ2 this term can be omitted, main contribution is given by the Meissner effect − 1λ2 and
the skin effect of the normal component i 4pic2 σωω. At frequencies ω & ωc =
υ
λ the term
ω2
υ2 becomes important, that has
been discussed in Section III. The term ω
2
υ2 has the following nature. The Maxwell equations for the electromagnetic
field in a normal metal are curlH =
4pi
c σE+
1
c
∂D
∂t
curlE = − 1c ∂H∂t
 =⇒ ∆H = 4piσc ∂H∂t + εn(ω)c2 ∂2H∂t2 , (127)
where D = εnE has been used. Taking the field as harmonic mode H = H0e
i(qr−ωt) we obtain dispersion law for
photons in a metal:
q2 = i
4pi
c2
σω +
εn(ω)
c2
ω2. (128)
In metals σω  εn(ω) (if ω 6= 0), then the second term in Eq.(128) can be neglected [12, 13]. Hence we obtain
usual expression for the skin effect: q2 = i 4pic2 σω. In superconductors the conductivity is determined with the normal
component σ = τme
2nn which is σ → 0 in pure system at small temperatures T  Tc, so that σω . ε can be. Thus
for SC materials the induction term 1c
∂D
∂t is as important as the ohmic term σE, unlike normal metals where the
induction term can be neglected.
From Eq.(125) we obtain:
q =
4
√
1
λ4ω
(
ω2
υ2
λ2ω − 1
)2
+
(
4pi
c2
σωω
)2 (
cos
ϕ
2
+ i sin
ϕ
2
)
, (129)
where
ϕ = arccot
Req2
Imq2
= arccot
− 1λ2ω
(
1− ω2υ2 λ2ω
)
4pi
c2 σωω
, (130)
that corresponds to attenuation of the wave A = A0e
i(qx−ωt) in the depth of the superconductor which occupies
half-space x > 0. Then substituting q (129) in this field A we obtain the penetration depth:
L =
λω
4
√(
ω2
υ2 λ
2
ω − 1
)2
+
(
4pi
c2 λ
2
ωσωω
)2 1sin ϕ2 , (131)
in a sense A = A0e
−x/Le−iωt. Let us consider the following limit cases:
1. ω = 0. Then ϕ = pi and from Eq.(131) we have L = λ. i.e low-frequency field is screened like static field.
2. The frequency is equal to the critical frequency (86): ω = ωc ≡ υλω (it should be noted that at nn → 0 we have
λω = λ). In this case we have ϕ =
pi
2 , hence
L =
√
2√
4pie2
mc2 nn
ωcτ
1+(ωcτ)2
. (132)
We can see that at nn → 0 we have result of Section III, where the penetration depth becomes infinitely large
L  λ. Formally we can suppose τ = 0, then L → ∞ too, however the condition τ = 0 is unphysical because
the substance ceases to be conductor.
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3. ω < ωc. Then from Eq.(130) we can see
pi
2 < ϕ ≤ pi. If even nn → 0, then ϕ→ pi, hence from Eq.(131) we have
L <∞, i.e the superconductor reflects such electromagnetic waves.
4. ω > ωc. Then from Eq.(130) we can see 0 ≤ ϕ < pi2 . If nn → 0, then ϕ → 0, hence from Eq.(131) we have
L→∞, i.e the superconductor becomes transparent for such electromagnetic waves.
In the same time according to the London theory:
q2 = − 1
λ2ω
+ i
4pi
c2
σωω =⇒ LLondon = λω
4
√
1 +
(
4pie2
mc2 λ
2
ωnn
ωτ
1+(ωτ)2
)2 1sin ϕ2 , ϕ = arccot
− 1λ2ω
4pi
c2 σωω
. (133)
We can see that at ω → 0 we have LLondon → λ, like in Eq.(131), in the same time even if nn → 0 we have LLondon(ω) ≤ λ
(L very weakly depends on frequency).
Figure 6: Dependence of the penetration depth L on the frequency ω for different densities of the normal component nn and for
the London theory. At ω → 0 the penetration depth is equal to the London depth λ for all regimes. If nn = 0 then for ω ≥ ωc
SC material becomes transparent i.e L→∞, however at frequencies ~ω ≥ 2|∆| strong absorbtion takes place, hence all curves
lose physical sense (shown by dashed lines). For large normal density (low SC density) nn → n the result for L is close to the
London theory (L weakly depends on frequency).
The total result is shown in Fig.(6) schematically. We can see that at ω → 0 both LLondon → λ and L → λ. At
large frequencies ω ∼ ωc the results of the extended TDGL theory and the London theory can be essentially different.
So, at nn → n (i.e ns → 0) L ≈ LLondon in a wide frequency range. However at nn → 0 (i.e ns → n) we obtain
L λ inside an interval ωc < ω < 2|∆|/~ (only for type-II superconductors - Eq.(87)), that corresponds to result of
Section III where superconductor becomes transparent for electromagnetic waves with frequencies from this interval.
Photons with frequency ~ω > 2|∆| break Cooper pairs, hence intensive absorption of the electromagnetic waves takes
place. Thus at T = 0 pure (in order to ensure the condition nn → 0) type-II (in order to ensure ~ωc < 2|∆|)
superconductors should become transparent for electromagnetic waves with frequencies ωc < ω < 2|∆|/~, that can be
subject for experimental verification (rather, significant increasing of the penetration depth in real materials should
occurs). However we can see from Eq.(132) the penetration depth L is very sensitive to the normal density nn, in
addition, for clear observation of this effect the substance itself should not absorb in this frequency range, therefore
observation of this effect can be difficult. It should be noted to avoid non-linear effects the magnetic field strength in
the wave should be less than the first critical field H < Hc1. In adittion this problem has been considered only for
s-wave superconductors.
B. Penetration of the electric field into a superconductor
In Section III we could see Higgs effect: the gauge field A˜µ = (ϕ˜,A) couples with the scalar field Ψ (with nonzero
vacuum average Ψ0 - the order parameter) and, as a result, gets the mass mA(T ) = ~/λ(T )υ. The Higgs effect
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manifests itself in that the electromagnetic field penetrates a superconductor on the London penetration depth λ(T ).
Importantly, that the screened electric field E = −∇ϕ penetrates a superconductor on the same depth like the
magnetic field H = ∇×A penetrates. This fact displays the Lorentz covariance of the model.
The above phenomenon is exclusively field effect, that is when an isolated superconducting simple is placed in
the electromagnetic field (for example, along the solenoid’s axis or between capacitor’s plates). In the same time a
superconductor can be placed in the electric field as illustrated in Fig.7: the current source supports current I (which
can be alternating with frequency ω) in a circuit, in each point the current j is determined by the electric field E via
Ohm’s law j = σE; then let us make some region of the circuit by superconducting (S-region), this means that in
this region the scalar field Ψ with the spontaneous broken gauge symmetry exists (let T → Tc so that nn ≈ n and
Andreev reflection at the borders of S-region can be neglected). Hence the Higgs effect for the gauge field E = −∇ϕ
must take place as in above-mentioned field phenomenon (Meissner-like effect). We suppose that the frequency ω is
small, so that the condition of quasistationarity is satisfied: c/ω  l (where l is characteristic size of the system).
This means that the vortex field − 1c ∂A∂t can be neglected.
Figure 7: the current source supports alternating current I(t) with frequency ω in a circuit. In each point the current is
determined by the electric field: j = σE. Some region of the circuit is superconducting, that means the scalar field Ψ with the
spontaneous broken gauge symmetry exists in this region.
Figure 8: Dependence of the electric field E, normal current jn = σE, supercurrent js = j − jn on coordinate at flowing of
the current j through the border normal metal (N) - superconductor (S) at temperature T → Tc so that Andreev reflection
can be neglected. The order parameter ∆(x) is slightly suppressed near the border. The electric field and the normal current
penetrates the superconductor on the depth λE(T ).
In the same time on the NS border, like on border of two conductors, the current must be continuous (in our
problem the current is normal at the boundary, and we note 1 ≡ N , 2 ≡ S):
jn1 = jn2 =⇒ σ1E1 = σ2E2 =⇒ E1 = E2, (134)
since σ1 ≈ σ2 and Andreev reflection is neglected. Thus, unlike the above-mentioned field problem where the field
jumps on the border as E0 → E0/ε, the electric field is continuous on the NS border due to the continuity of current
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as illustrated in Fig.8. Since N -region and S-region are connected in series then the total current does not change:
j = jn(x) + js(x) = const, where jn,s(x) are functions of coordinate x along S-region.
As mentioned above, the broken gauge symmetry of the field Ψ leads to generation of mass mA(T ) = ~/λ(T )υ of
the the gauge field E = −∇ϕ. Using Eq.(79) and Eq.(70) Lagrangian for the 4D gauge field can be written in a form:
L = − 1
16pi
F˜µν F˜
µν +
1
8piλ2
A˜µA˜
µ. (135)
However generation of the mass is done at the expense of work of the current source. So, generating the massive field
A˜µ in S-region, the source makes the work∫ A˜µ
0
1
8piλ2
d
(
A˜µA˜
µ
)
=
1
4piλ2
A˜µ
∫ A˜µ
0
dA˜µ =
1
4piλ2
A˜µA˜
µ. (136)
Thus we must minimize the action with the Lagrangian from which the work (136) is subtracted (analog Helmholtz
free energy and Gibbs free energy):
LG = L− 1
4piλ2
A˜µA˜
µ = − 1
16pi
F˜µν F˜
µν − 1
8piλ2
A˜µA˜
µ. (137)
Then we obtain the following equation
1
υ2
∂2ϕ
∂t2
− ∂
2ϕ
∂x2
− 1
λ2
ϕ = 0, (138)
instead Eq.(81) for the field ϕ.
In the same time the quasiparticles flow from N -region to S-region so that electrons (holes) with energy Ek > |∆(T )|
penetrate in a superconductor and occupy the electron (hole) branch of quasiparticles’ spectrum, i.e the imbalance
of occupancy of the two branches (electron or hole) takes place. According to theory [35, 45] the chemical potential
of SC electron µs shifts creating spatially inhomogeneous charge of quasiparticles Q(x) = 2νF (F − µs(x)) (in the
equilibrium µs = F ). This equation determines number of energetic level left by SC electrons (νF density of state on
Fermi level per a spin). The change of chemical potential of quasiparticles µn can be neglected, because at T ' Tc
there are few electrons in the condensate, and collective of the normal electron is large. For a given place in the
superconductor, the presence of a stationary but nonequilibrium quasiparticle charge of density Q indicates that the
continuous flow of quasiparticles bringing a certain charge which is immediately transferred to the condensate through
the relaxation process exists there. The entire process can be expressed by a simple relation: divjn = −eQ/τQ, where
jn is a normal component of the total current, τQ = τε
4Tc
pi|∆| is the branch imbalance relaxation time (τ
−1
ε is frequency
of nonelastic electron-phonon collisions). In other words, this equation is continuity equation, where ∂∂t ≈ τ−1Q , and
besides the relation is only approximately valid when the gap is small (|∆|  Tc), that is, when the temperature is
close to Tc. For the normal current the Ohm’s law takes place: jn = σE = −σ∇ϕ. Thus Eq.(138) must be replaced
by a following equation:
1
υ2
∂2ϕec
∂t2
− ∂
2ϕec
∂x2
− 1
λ2
ϕ = 0, (139)
where
ϕec = ϕ+
1
e
µs (140)
is electro-chemical potential of SC electrons. In the last term 1λ2ϕ the replacement is absent because Higgs effect
takes place for the gauge field ϕ only. Then Eq.(140) takes a form:
1
υ2
∂2ϕ
∂t2
− l
2
E
υ2
∂2
∂t2
∂2ϕ
∂x2
− ∂
2ϕ
∂x2
+ l2E
∂4ϕ
∂x4
− 1
λ2
ϕ = 0. (141)
where
l2E =
στQ
2νF e2
≡ DτQ (142)
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is the penetration depth in the theory [4, 35, 45], D is a diffusion coefficient. Taking the field as harmonic mode
ϕ = ϕ0e
i(qx−ωt) we obtain equation for the wave-vector q in S-region:
l2Eq
4 + q2
(
1− l2E
ω2
υ2
)
− 1
λ2
(
1 + λ2
ω2
υ2
)
= 0. (143)
At first let direct current takes place, i.e ω = 0. Let S-region occupies space x > 0 and N -region occupies space x < 0.
Then solution for the limit condition ϕ(x→ +∞) = 0 is
q2 = − 1
2l2E
(
1 +
√
1 +
4l2E
λ2
)
, (144)
i.e q2 < 0, that is the electric field, the normal current and the supercurrent in a superconductor have forms accordingly
(if Andreev reflection is neglected):
E(x) = E0e
−x/λE =
j
σ
e−x/λE , jn(x) = je
−x/λE , js(x) = j− jn(x), (145)
where λE = 1/
√
−q2 and j = js(x) + jn(x) = σE0 = const. Thus on the length λE the turning of normal current jn
into supercurrent js occurs. At T = Tc the electric field fills the entire length of the S region. Then
λE ≈ lE
(
1 +
l2E
2λ2
)−1
, (146)
where we have supposed λ lE : lE ∝ (Tc−T )−1/4 and λ ∝ (Tc−T )−1/2 then lEλ ∝ (Tc−T )1/4, that is λE ≈ lE  λ
at T → Tc. The term in brackets is small correction from the Higgs effect. Formally at low temperatures (where it
can be supposed λ lE) we have λE ≈
√
lEλ ∝ (Tc−T )−3/8. We can see that λE ∝ (Tc−T )−n, where n = 1/4, but
when the temperature decreases n → 3/8. This tendency is confirmed experimentally in [46], however the Andreev
reflection makes a significant contribution too [4].
Let the current source generates quasi-stationary alternating current with frequency ~ω  |∆| and ω < υ/lE . In
addition, we neglect inductive and capacitive impedances of the conductor. From Eq.(143) we find that the penetration
depth is
λ−2E (ω) =
A
2l2E
(
1 +
√
1 +
4l2E
λ2
B
A2
)
, (147)
where
A = 1− l2E
ω2
υ2
, B = 1 + λ2
ω2
υ2
. (148)
We can see that λE very weakly increases with frequency. Thus the penetration depth λE is determined with the
imbalance of occupancy of the two branches of quasiparticles (electron or hole) predominantly, in the same time the
Higgs effect and frequency have very weak effect on the penetration process.
C. Relaxation of a fluctuation
Let a fluctuation is formed in some area so that |∆(x)| > |∆|, where |∆| is the equilibrium value - Fig.9, but
n = nn+ns = const. Let us consider relaxation of this bubble which can be both dumped oscillation and monotonous
relaxation to the equilibrium - Fig.1b,c. After a fluctuation is formed the system tends to equilibrium: the flow of the
normal component is directed to the bubble, in the same time the flow of the superfluid component is directed from
the bubble so that the total flow is j = nsvs + nnvn = 0. Then divjs = div(nsvs) = −div(nnvn) ≈ − 1ξnnvn, because
the changes of superfluid and normal components occur on the coherence length ξ(T ) ∝ (Tc − T )−1/2. The density
of the superfluid component is ns = 2|Ψ|2. The normal motion accompanied by friction f = −mτ vn, corresponding
Rayleigh dissipation function is R = m2τ nnv
2
n =
1
2
σ
e2 v
2
n. Using the continuity equation
∂ns
∂t = −divjs and nn ≈ n the
dissipation function takes a form:
R =
σ
e2
2ξ2
n2
(
Ψ
∂Ψ+
∂t
+ Ψ+
∂Ψ
∂t
)2
=
σ
e2
2ξ2υ2
n2
(
Ψ∂˜0Ψ
+ + Ψ+∂˜0Ψ
)2
. (149)
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Figure 9: relaxation of a fluctuation of modulus of the order parameter |Ψ| ∝ |∆|. The fluctuation are accompanied by changes
of density of SC electrons ns = 2 |Ψ|2 and normal electrons nn so that ns + nn = n = const. The relaxation carried out by
counterflows of SC and normal components so that nsvs+nnvn = 0. Dissipation is caused by friction of the normal component
f = −m
τ
vn.
Then equation for the field Ψ is
∂˜µ
∂L
∂
(
∂˜µΨ+
) − ∂L
∂Ψ+
+
1
υ
∂R
∂
(
∂˜0Ψ+
) = 0 =⇒ ~2
4m
∂˜µ∂˜
µΨ + aΨ + b |Ψ|2 Ψ + σ
e2
4ξ2υ
n2
(
Ψ∂˜0Ψ
+ + Ψ+∂˜0Ψ
)
Ψ = 0. (150)
Analogously to previously considered problem about the skin-effect this equation is not Lorentz covariant due to the
dissipative term. Using the modulus-phase representation (12) and linearizing with help |Ψ| = √−ab + φ ≡ Ψ0 + φ
(where |φ|  Ψ0) we obtain an equation for small deviations of the superfluid density:
~2
4m
∂˜µ∂˜
µφ+ 2|a|φ+ σ
e2
8ξ2υ
n2
Ψ20∂˜0φ = 0. (151)
The oscillations of phase remains without damping: ∂˜µ∂˜
µθ = 0, since, as has been demonstrated in Section II, the
Goldstone mode is the eddy supercurrent. Substituting a small oscillation φ = φ0e
i(qr−ωt), we obtain a dispersion
law in a form:
ω2 − q2υ2 − ω20 + i2γω = 0, (152)
where ω20 =
8|a|mυ2
~2 =
4|∆|2
~2 is a characteristic frequency of the system and γ =
σ
e2
16ξ2mυ2
~2n2 Ψ
2
0 is a damping coefficient.
We can see that ω0 ∝ (Tc − T )1/2, in the same time γ ∝ ξ2Ψ20 = const at T → Tc. Thus the regime of overdamped
oscillation takes place - the field Ψ(r, t) is monotonically relaxing to the thermodynamically steady state Ψ0. Then
evolution of the fluctuation is φ(t) ∝ e−t/τ0 , where
τ0 =
2γ
ω20
∝ (Tc − T )−1 (153)
is the relaxation time for a homogeneous (q = 0) mode in the limit ω0  γ. Another solution with τ0 = 1/2γ can
be omitted because this mode decays much faster. The relaxation time is lifetime of the fluctuation: the temperature
is closer to Tc the fluctuation is larger ξ(T → Tc) → ∞ and it lives longer τ0(T → Tc) → ∞. The new phase is a
fluctuation of infinite size (fills the entire system) and infinite lifetime. The relaxation time (153) corresponds to the
reduced equation describing the relaxation only:
q2υ2 + ω20 − i2γω = 0 =⇒ −
~2
4m
∆Ψ + aΨ + b |Ψ|2 Ψ + 2γ ~
2
4mυ2
∂Ψ
∂t
= 0. (154)
This equation can be made dimensionless using a dimensionless order parameter ψ = Ψ/Ψ0:
τ0
∂ψ
∂t
= ξ2∆ψ + ψ − |ψ|2 ψ. (155)
Thus due to the strong damping at T → Tc the equation (150) is reduced to the Eq.(155) which is analogous to the
TDGL equation (3). Thus TDGL theory is a limit case of the extended TDGL theory proposed here. We can see that
in consequence of the strong damping the monotonous relaxation of fluctuation with the relaxation time (153) takes
place instead oscillations described by Eq.(30) with temperature-dependent coherence time (31) which is oscillation
period of the order parameter. Moreover this means strong damping of the free Higgs mode, so that observation of
these oscillations is problematical at T → Tc.
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VI. SUMMARY
In this work we have formulated the extended time-dependent Ginzburg-Landau theory which is generalization of the
GL theory for the nonstationary cases: damped eigen oscillations (including relaxation) and forced oscillations of the
order parameter Ψ(r, t) under the action of an external field. In this theory instead the GL functional (1) we propose a
Lorentz invariant action (64) with Lagrangian (63) for the complex scalar field Ψ = Ψeiθ and gauge field Aµ = (ϕ,A)
in some 4D Minkowskii space {υt, r}, where υ is light speed which is determined by dynamical properties of the
system. In the same time the dynamics of conduction electrons remains nonrelativistic. For accounting of movement
of the normal component which is accompanied by friction we have used approach with the Rayleigh dissipation
function which determines speed of the dissipation. This makes the theory is not Lorentz covariant since dissipation
distinguishes a time direction, i.e violates the time symmetry t ↔ −t which is symmetry of the Lorentz boost. Our
results are follows:
1) The SC system has two types of collective excitations: with an energy gap (relativistic form) E2 = m˜2υ4 + p2υ2
(where m˜ is the mass of a Higgs boson, so that m˜υ2 = 2|∆|) - free Higgs mode, and with acoustic (ultrarelativistic)
spectrum E = pυ - Goldstone mode, which are oscillations of the order parameter Ψ(t, r). The light speed υ is
determined by dynamical properties of the system (26), and it is much less than the vacuum light speed: υ =
vF /
√
3  c. The Higgs mode is oscillation of modulus of the order parameter |Ψ(t, r)| and it can be considered
as sound in the gas of above-condensate quasiparticles. It should be noted that the free Higgs mode in a pure
superconductor is unstable due to both strong damping of these oscillations, so that aperiodic relaxation takes place,
and decay into above-condensate quasiparticles since E(q) ≥ 2|∆|. In the same time various Higgs mechanisms play
important role in dynamics. The Goldstone mode is oscillations of the phase θ and it is eddy (Foucault) currents,
however these oscillations are absorbed by the gauge field Aµ according to Annderson-Higgs mechanism. In the
same time in two-band superconductors the Goldstone mode splits into two branches: common mode oscillations
∇θ1 = ∇θ2 with the acoustic specter, and the oscillations of the relative phase θ1 − θ2 between two SC condensates
(for symmetrical condensates ∇θ1 = −∇θ2) with an energy gap - Leggett’s mode. The common mode oscillations are
absorbed by the gauge field Aµ like in single-band superconductors, in the same time the Leggett’s mode ”survives”
due to these oscillations are not accompanied by current. Hence the Leggett’s mode can be observable, which is
confirmed in experiment [44].
2) From the gauge invariance of the Lagrangian (63) it follows that superconductor is equivalent to dielectric (in
some effective sense, not in conductivity) with permittivity ε = c
2
υ2 ∼ 105 and the speed υ is the speed of light in SC
medium if there were no the skin-effect and Meissner effect. This permittivity is giant compared to the permittivity
of true dielectrics (maximum ∼ 103 in segnetoelectrics), but finite unlike the permittivity of normal metals where
ε(ω = 0,q = 0) =∞. In superconductors the potential electric field should be screened with the dielectric law ϕ = Qεr
where the permittivity is finite ε(0, 0) <∞. The Thomas-Fermi length λTF should play role of length on which the field
E drops to the screened field E/ε. Since the Lorentz covariance ensures symmetry with respect to fields H = curlA
and E = −∇ϕ, then the elecrostatic field penetrates a superconductor on the same London depth λ like the magnetic
field penetrates - the Meissner effect occurs for both fields, however, unlike magnetic field, the electrostatic field E
applied to the superconductor is screened as E/ε. In the same time a photon with frequency ~ω ≥ 2|∆| can brake a
Cooper pair with transfer of its constituents in the free quasiparticle states. Hence in this area the strong absorption of
the waves takes place. Thus the permittivity ε is equal to c2/υ2 only when ~ω < 2|∆|. At ~ω  2|∆| we can suppose
ε = εn(ω), where εn(ω) is the dielectric function of normal metal. Since the dielectric function is giant ε ∼ 105, then
the screened electric field is negligible. This fact explains experimental results presented in [17] which illustrate that
the external electric field does not affect significantly SC state: in order to affect SC state it is necessary to apply
the external field which is much larger than values obtained in the covariant extension of the GL theory presented in
works [15, 16], where the light speed in superconductors is c, hence ε = 1.
3) According to previous item the electrostatic field E penetrates a superconductor on the macroscopic depth
λ  λTF. Then, according to the first London equation ∂∂t
(
4piλ2
c2 js
)
= E, the supercurrent must be accelerated by
this field. This contradiction is resolved as follows. The electric force acting on a charge −ρ∇ϕ is compensated with
the specific ponderomotive force − 14piλ2εϕ∇ϕ, so that the electrostatic field E = −∇ϕ can penetrate a superconductor
on the macroscopic depth without causing acceleration of the supercurrent js. Only vortex electric field − 1c ∂A∂t can
accelerate the charge ρ in a superconductor since it is remained uncompensated. Within a superconductor the charge
can exist near the surface on the London depth λ: ρ = − 14piλ2εϕ, just like the supercurrent exists according to the
London law: j = − c4piλ2A. Analogously the Ampere force 1c j× curlA is compensated with the specific ponderomotive
force 14piλ2A × curlA. As a result we obtain the the London law j = − c4piλ2A. These specific ponderomotive forces
are consequence of spontaneous U(1) symmetry breaking.
4) Unlike popular opinion the Goldstone mode cannot be associated with the plasmon mode. Indeed, modulus
29
oscillations (Higgs) and the phase oscillations (Goldstone) are oscillations of the order parameter |Ψ|eiθ, i.e they
are specific for the SC state. In the same time the plasma oscillations exist unchanged both in SC phase and in
normal phase of metal, that is they are unrelated to the SC ordering and are not specific for the SC state. We have
demonstrated - Eqs(94,95) the Goldstone oscillations generate currents for which divj = 0, hence they cannot be
accompanied by change of charge density since ∂ρ∂t = −divj. Physically this is expressed in that, that the Anderson-
Higgs mechanism takes place: the oscillations of the phase θ are absorbed by the gauge field Aµ, hence Goldstone
oscillations become unobservable.
5) As a result of interaction of the gauge field Aµ with the scalar field Ψ with spontaneously broken U(1) symmetry
a photon in a superconductor obtains mass mA =
~
λυ , i.e the Higgs effect takes place, which manifests itself as the
penetration depth λ ≡ L(0). However, unlike static field, the penetration depth depends on frequency: the depth
L(ω) increases with frequency and such frequency exists ωc =
υ
λ , when the depth becomes infinitely large. This is
principal result of the extended TDGL theory. It should be noted that ~ωc < 2|∆| for type-II superconductors
only. However the normal component causes absorption of electromagnetic waves and the skin-effect occurs, that
is for observation of this effect the normal electrons should be absent nn = 0. Thus we have shown that at T = 0
pure type-II superconductors (in understanding of a monocrystalline sample without defects and impurities) should
become transparent for electromagnetic waves with frequencies ωc < ω < 2|∆|/~, that can be subject for experimental
verification (rather, a significant increase of the penetration depth in real materials should occur), that illustrated in
Fig.6. However the penetration depth L is very sensitive to the normal density nn. In addition, for a clear observation
of this effect, the substance itself should not absorb in this frequency range, moreover to avoid non-linear effects the
magnetic field strength in the wave should be less than the first critical field H < Hc1. Therefore observation of this
effect can be difficult. Moreover it should be noted this problem has been considered for s-wave superconductors only.
If a superconductor is placed in the electric field as illustrated in Fig.7, then the current source generates the electric
field E in a superconductor on the some depth λE , which is determined with the imbalance of occupancy of the two
branches of quasiparticles (electron or hole) predominantly, in the same time the Higgs effect and frequency have very
weak effect on the penetration process.
6) The London electrodynamics is a low frequency limit of the extended TDGL theory, i.e the term 1υ2
∂2Aµ
∂t2 can be
neglected in the equation for the field, but the Rayleigh dissipation function (122), which gives the term ∼ σ ∂A∂t , must
be accounted. At high frequencies ω ∼ ωc we should use the extended TDGL theory. In the same time at the large
normal density (low SC density) nn → n the results are closer to the London theory at high frequencies too. It should
be noticed that, unlike the London electrodynamics, the SC component can be accelerated according to equation
∂
∂t
(
4piλ2
c2 J
)
= E by the vortex field E = − 1c ∂A∂t only. Moreover the TDGL theory is a limit case of the extended
TDGL theory at T → Tc: due to strong damping of the oscillations of |Ψ| the monotonous relaxation of a fluctuation
takes place. Thus we obtain Eq.(155) which describes the relaxation of the order parameter to its equilibrium value
and it is analogous to the TDGL equation (3).
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